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Abstract. We classify the quasi-finite irreducible highest weight modules 
over the infinite rank Lie superalgebras gl^oo, 6 and D, and determine the 
necessary and sufficient conditions for quasi-finite irreducible highest weight 
modules to be unitarizable with respect to natural ^-structures of the Lie su- 
peralgebras. The unitarizable irreducible modules are constructed in terms of 
Fock spaces of free quantum fields, and explicit formulae for their formal char- 
acters are also obtained by investigating Howe dualities between the infinite 
rank Lie superalgebras and classical Lie groups. 
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1. Introduction 

Supersymmetry permeated many areas of mathematics in the last decade, pro- 
ducing deep results such as the Seiberg-Witten theory and mirror symmetry. In 
all applications, supersymmetry manifests itself as concrete representations of the 
relevant Lie superalgebras [15] . Thus it is of central importance to develop the 
representation theory of Lie superalgebras in order to use supersymmetry as a 
tool to address problems in other areas. 

In this paper we investigate the representation theory of the Lie superalgebra 
gl^l^ and its osp-type Lie sub superalgebras. These Lie superalgebras constitute 
a class of |Z- graded infinite rank Lie superalgebras arising from central extensions 
of Lie superalgebras of complex matrices of infinite size. The Lie superalgebra 
§loo|oo an d hs osp-type Lie sub superalgebras featured very prominently in the 
study [7, of the super Wi +OQ algebra, i.e., the central extension of the superalgebra 
of differential operators on the super circle, which plays a fundamental role in 
conformal filed theory and the theory of superstrings. Also, it was demonstrated 
in |3] that the representation theory of the infinite rank Lie superalgebras is 
intimately related to that of affine Kac-Moody superalgebras arising from central 
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extensions of the loop algebras of finite dimensional simple Lie superalgebras. In 



Recall that the infinite dimensional Lie algebra gl^ and its various subalgebras 
were extensively studied in [13 HH1 EU EH] in relation to the W\ +00 algebra. In 
particular, the notion of quasi-finite modules [Tj\ over infinite dimensional graded 
Lie (super) algebras were introduced. Such modules are close to finite dimensional 
representations of finite dimensional Lie (super) algebras in spirit. In our context, 
a |Z-graded module M = © je i z Mj over a |Z-graded Lie superalgebra will be 
called quasi-finite if all its homogeneous subspaces Mj are finite dimensional. 
One of our results in the present paper is the classification of all the quasi-finite 
irreducible highest weight modules over gl^oo) C and 2). 

It is well known that the energy of a quantum system is always bounded be- 
low. Also, the space of the physical states of the quantum system always admits 
a positive definite contravariant Hermitian form as required by the probabilistic 
interpretation of quantum theory. Therefore, the representations of Lie super- 
algebras, which are potentially useful in quantum physics, are the unitarizable 
highest weight (or lowest weight) representations. Another result of the present 
paper is the classification of the unitarizable quasi-finite irreducible highest weight 
modules over gl^oo, C and D with respect to some natural C-conjugate linear 
anti-involutions of these Lie superalgebras. 

We analyse the unitarizable irreducible quasi-finite highest weight modules in 
some detail. The main results obtained are the following. We first realize these 
irreducible representations on Fock spaces of free quantum fields. We then prove 
generalized Howe dualities between the infinite rank Lie superalgebras and certain 
classical Lie groups. This way we are able to set up one to one correspondences 
between the unitarizable irreducible quasi-finite highest weight modules of the 
infinite rank Lie superalgebras and the finite dimensional irreducible representa- 
tions of the associated classical groups. Finally we derive explicit formulae for the 
formal characters of the unitarizable quasi-finite irreducible highest weight mod- 
ules over the Lie superalgebras C and T). (We recall that the formal characters 
of the unitarizable irreducible modules over gl^oo were obtained in |3j.) 

The method used here for the construction of the character formulae is a gen- 
eralization of that developed in [H El Eh which relies in an essential way on 
Howe dualities [TsJJEI- Howe dualities for Lie superalgebras were known in the 
original paper of Howe [T3] , and also in [221 122] , and were further investigated 
in [2H [213 1201 EH El E] • Recent investigations on Howe dualities led to a thor- 
ough understanding of the Segal- Shale- Weil representations of Lie superalgebras 
[HE], in particular, the construction of character formulae for them. In |T2]and 
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|24[ 12*5] Howe dualities were established respectively in the contexts of affine Kac- 
Moody algebras and infinite rank Lie algebras. The Howe dualities obtained in 
the present paper are generalizations of those studied by Wang in "2U • 

The arrangement of the paper is as follows. Section El provides some back- 
ground material on generalized partitions and unitarizable modules over Lie su- 
peralgebras. The material will be used throughout the paper. Section Elexamines 
central extensions of the Lie superalgebra gl^^ of infinite matrices and its osp- 

type subalgebras, and gives the definitions of the Lie superalgebra gl^^, and 

its subalgebras A, C and D. The remaining three sections constitute the main 
body of the paper. In Section HI we classify the quasi-finite irreducible highest 
weight modules over the Lie superalgebra gl^oo, and its subalgebras A, C and D. 
In Section [""J we classify the unitarizable quasi-finite irreducible highest weight 
modules over these Lie superalgebras with respect to specific *-structures, and 
construct Fock space realizations of the unitarizable irreducible modules. Gen- 
eralized Howe dualities between the infinite rank Lie superalgebras and classical 
Lie groups will also be established in this section, which are used in Section [("] 
to derive character formulae for the unitarizable quasi-finite irreducible highest 
weight modules over C and D. 



2. Preliminaries 

We work on the field C of complex numbers throughout the paper. For any 
vector space V, we shall denote its dual space by V*. 

2.1. Shifted Frobenius notation for generalized partitions. By a partition 
X of length d we mean a non-increasing finite sequence of non-negative integers 
(Ai, • • • , Xd) and shall use l(X) to denote the length of A. We will let A' denote the 
transpose of the partition A. We define the rank of a partition A = (Ai, ■ • ■ , A^), 
denoted by rank(A), to be the largest integer i, for which Aj > i. Note that 
rank(A) = rank(A') < d. For example, if A = (4,3,1,0,0), then /(A) = 5, 
A' = (3, 2, 2, 1), and rank(A) = 2. By a generalized partition of length d, we shall 
mean a non-increasing finite sequence of integers (Ai, ■ ■ • , A^) and the length of 
A is also denoted by /(A). A generalized partition of A = (Ai, . . . , A^) is called a 
generalized partition of non-positive integers if Ai < for all i. Corresponding to 
each generalized partition A = (Ai, . . . , Ad), we will define A* := (—Ad, • • • , — Ai). 
Then A* is also a generalized partition. In particular, if A = (Ai,...,Ad) is 
a generalized partition of non-positive integers, then A* = (—Xd, ■ ■ ■ , ~X\) is a 
partition. In this case, we define the rank, rank(A), of A by rank(A) := — rank(A*). 
We also set A^ := -(X*)'_j for all j G {-1, -2, • • • , X d }. 
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Each generalized partition A = (Ai, • • • , Xj) of length d can be uniquely ex- 
pressed as A = A + + X~, with 

A + := (max{Ai, 0}, • • • , max{Xd, 0}), 
A" := (min{Ai, 0}, ■ • • , min{A d , 0}). 

Note that A + is a partition of length d , while A - is a generalized partition of 
non-positive integers of length d. Furthermore, 

(2.1) depth of A+ + depth of (A - )* < d, 

where the depth of a partition is the number of positive integers in it.( Note that 
the depth of a partition A equals A^.) 

Now we will define the shifted Frobenius notation for generalized partitions 
(see [01]) which is very useful for describing the highest weights of unitarizable 
irreducible quasi-finite modules over gl^oo- Given a partition A = (Ai, . . . , A^) 
of length d and rank(A) = r > 0, we let & := A i+ i — i + ~ and ^ := A^- — j, for 
i G | + Z + with | < i < r — |, and j G N with 1 < j < r. We have 

(2.2) £i >£§>•••> £ P -i > o> Ci > 6 > ■ • • > £r > o. 

The shifted Frobenius notation for the partition X is given by 
A(A) := (£i,£ f ,...,C_i | &,&,•••,&.)■ 

Clearly, we have 

(2.3) fi + min{fi,l} < d, 

When A = (0, 0, • • • ,0), we define A(0, 0, • • • ,0) := (0,0). Note that (Q and 
(12. 3|) implies r < d. 

Conversely, if two finite sequences £1,^3, •• • , £ r _i and £1,^2, •' " jCr °f non_ 
negative integers of length d satisfy ()2.2|) and ()2.3j) . we may regard them as the 
shifted Frobenius notation of a unique partition of length d, which we will denote 
by F(£|,£3,... ,£ r _i | £i,£ 2 ,--- ,£ r ). We put F(0,0) := (0, 0, • • • ,0). Thus we 
have a one-to-one correspondence between the set of all partitions of length d and 
the set of all pairs of finite sequences of non-negative integers, £i;£|> • ' ' ,67— ~ 
and £1, £2; • • • ; Cr satisfying (|2.2|) and (|2.3|) . and also the requirement that 

(2.4) £ r _i = if and only if r = 1 and £1 = £1 = 0. 

Similarly, given any non-zero generalized partition A = (Ai,...,A^) of non- 
positive integers with rank(A) = s, the shifted Frobenius notation for the gener- 
alized partition X of non-positive integers, also denoted by A(A), is defined by 

A (A) : = ••>£-£! 6+i>6h-2, • • • ,fo) 
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where 6 := A^_ x — i and 6 := A d+ i +J - — j + \ for all z G {0, —1, —2, • • • , s + 1} 

and j G {— |, — 1|, - • - ,s+|}- We also define A(0, (),••■ ,0) := (0,0). Similarly 
we have a one-to-one correspondence between the set of all generalized partitions 
of non-positive integers of length d and the set of all pairs of finite sequences 
of non-positive integers, £ s+ i, 6+^, ■ ■ • , £_i and 6+i> 6+2, • •• , Co? satisfying the 
following conditions 

(25) o>6, + i >&+8 >■■•>£-!, o>6+i>6+2>--->6, 

6+i = if and only if s — — 1 and £_i =6 = 0) 

and 

(2.6) Co < 

Now we define the shifted Frobenius notation for the generalized partitions as 
follows. For a nonzero generalized partition A of length d, the shifted Frobenius 
notation for the generalized partition A, also denoted by A(A), is defined by 

A(A) :=(A(A-)|A(A + )). 

Similarly we have a one-to-one correspondence between the set of all generalized 
partitions of length d and the set of all quartets of finite sequences of integers, 
,C-i! 6+i, 6+2," • ,6; £§,-•• and 6, 6," " ,6 satisfying 

022), (JZ1, and 

(2.7) min{£i,l} + 6-£o<d. 
We will denote by 

F(€ 8+ i,€ 8+ a, - ■ ■ , £_i I 6+1,6+2, • • • , 6 I Ci, C§, • • • ,6-i I Ci,6, • • • ,6), 

the unique generalized partition corresponding to the quartet of finite sequences of 
integers 6+i,6+f + • • ,C-i; 6+1,6+2, • • • ,6; C|,C|, • • • ,6-i and 6,6, • • • ,6 
satisfying JliJ), ((231) and dSZZD - 

2.2. Unitarizable modules. Let us recall some basic facts about *-superalgebras 
and their unitarizable modules. A *- super algebra is an associative superalgebra 
A together with an anti-linear anti-involution uj : A — > A. Here we should em- 
phasize that for any a,b G A, we have u)(ab) = u(b)u(a), where no sign factors 
are involved. A *-superalgebra homomorphism / : (A, u) — > (A', a/) is a super- 
algebra homomorphism obeying / o u = uj' o f. Let (A, uj) be a *-superalgebra, 
and let M be a Z2-graded A-module. A Hermitian form ( • | • ) on M is said to 
be contravariant if (av\v') = (v\uj(a)v'), for all a G A, v,v' G M. An A-module 
M is called unitarizable if M admits a positive definite contravariant Hermitian 
form. 

Let g be a Lie superalgebra together with an anti-linear anti-involution uj (i.e. 
uj is an anti-linear map satisfying uj([x,y}) = [uj(y),uj(x)} for all x, y G g. In this 
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case, we also call uj a *-structure of g.). Let M be a g-module. A Hermitian 
form ( • | • ) on M is said to be contravariant if (xv\v f ) = (v\u>(x)v'), for all 
x G g, v, v' G M. When the Hermitian form ( • | • ) is positive definite, we define 
\\u\\ := \J {u\u) for all u G M. A g-module M is called unitarizable if M admits 
a positive definite contravariant Hermitian form. The anti-linear anti-involution 
uj can be naturally extended to an anti-linear anti-involution, also denoted by u, 
on the universal enveloping algebra 11(g) of g, making (11(g), cu) a *-superalgebra. 
Moreover, a g-module M is unitarizable if and only if it is a unitarizable 11(g)- 
module. (Throughout the paper, U(s) stands for the universal enveloping algebra 
of the Lie superalgebra s.) 

3. Lie superalgebras of infinite rank 

We present here the infinite rank Lie superalgebras to be studied in this paper. 

Consider the infinite-dimensional complex superspace C°° |00 with a basis {e,- | 
j G Z} for the even subspace, and a basis {e r | r G \ + Z} for the odd subspace. 
We introduce a ^Z-gradation on C 00 ' 00 by setting the degree of e p equal to — p for 
all p E |Z. For any p,q G |Z, let let e pq be the endomorphism of C 00 ' 00 defined 
by e pq (e r ) = 5 qr e p . Then T is a homogeneous endomorphism on C 00 ' 00 of degree 
p if and only if T = Ylje-z a 3 e i~p,v where cij G C. Denote by (M 00 | 00 ) p the 
set of all endomorphisms of C 00 ' 00 of degree p, and let := © pe i z (M 00 | 00 ) p . 

Then M^oo is a |Z-graded associative superalgebra, which also acquires a Lie 
superalgebra structure with the usual Lie super-bracket 

(3.1) [A, B\ := AB - (-iydeg(A)deg(B) 

where deg(A) and deg(B) are the degrees of A and B respectively. We shall 
denote this Lie superalgebra by gl^oo := © pe iz(gloo|oo)f Note that the subspace 
g^L|oo generated by {eij\i,j G |Z} is a subalgebra of gl^oo- By arranging the 
basis elements of C 00 ' 00 in strictly increasing order, any endomorphism of C 00 ' 00 
may be written as an infinite-sized square matrix with coefficients in C. Thus 

g!oo|oc : = {(<kj),i,j e ^1 <*ij = for \j - i\ » 0}. 

The Lie superalgebra gl^^ has a central extension by a non-trivial two co- 
cycle. Let J = J2 r<0 e rr . Define 

(3.2) a(A,B):=Sti([J,A]B), A, B G gl^, 

where Str stands for the supertrace defined for a matrix D = (dij) G gl^oo by 
Str(D) = ^ rg i z (— l) 2r d rr , provided that the infinite sum is not divergent. Then 
a(A, B) is well behaved for all A, B G gl^oo, and indeed defines a two co-cycle. 
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We denote by gl^oo the central extension of gl^oo by the even central element 
C associated with this two co-cycle. By setting the degree of C equal to 0, the 
Lie superalgebra gl^oo acquires a |Z-gradation from that of gl^oo- Let 

gloo|oo := {( a ij) £ gloo|oJ finitely many of the are non-zero } © CC. 

It is easy to see that gl^,^ is a |Z-graded subalgebra of gl^oo- 

Let us now introduce the Lie sub superalgebra A of gl^oo defined by 

A := {(aij) G gl^i J = if % = or j = 0}. 

It also admits a central extension by an even central element C associated with 
the two co-cycle ([3.2)1 . We shall denote the central extension of A by A. Then the 
Lie superalgebra A also acquires a |Z-gradation from that of gl^^ by declaring 
C to have degree 0. 

An alternative way to describe the Lie superalgebra A is as follows. Consider 
the infinite-dimensional complex superspace C 00 ' 00 with even basis {e^ | j G Z*} 
and odd basis {e r \ r G | + Z}. Then A is the Lie superalgebra of graded 
endomorphisms of C 00 ' 00 . 

Let us now construct a Lie sub superalgebra C of A. Introduce a non-degenerate 
skew-supersymmetric bilinear form (-|-) on C 00 ' 00 defined by 

(ei\ej) = ~{ej\ei) = sgn(i)5; i, j G Z*; 

(e r \e s ) = (e s \e r ) = 5 r - s , r, s G | + Z; 
(e;|e r ) = (e r |ej) = 0, i e Z* ,r e \ + 

where sgn(i) := +1 if i G |N and sgn(i) := — 1 if z G — |N. We define the 
Lie superalgebra C = Co © Ci to be the |Z-graded Lie sub superalgebra of A 
preserving this form, i.e. 

G e = {Ae A e \(Av\w) = -(-l) tlvl (v\Aw)}, e = 0, 1, 

where \v\ denotes the parity of v G C 00 ' 00 , namely, \v\ = (respectively 1) if v 
belongs to the even (respectively odd) homogeneous subspace of C 00 ' 00 . Then C 
is a Lie superalgebra of type SPO. It is easy to see that the subspace 6-^ spanned 
by the following elements is a subalgebra of C G Z*, r,sG | + Z): 

e itj := -e-j-i : = e itj - e-j-i, ij > (i.e., i,j > or i, j < 0); 
e»j := e_j := e id + e-j-i, ij < (i.e., i, -j > or i, -j < 0); 

&i,r • r,~ i • &i.r &—r,—i) Z ^ 0, 

&i,r • &—r,—i • &i t r ^— r,— «i Z "C! 0. 



s 
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Note that Cg is a direct sum of an infinite dimensional symplectic Lie algebra and 
an infinite dimensional orthogonal Lie algebra. Let C denote the central extension 
of C by an even central element C associated with the two-cocycle (|3.2|) . By 
setting the degree of C to zero, C becomes a |Z-graded Lie superalgebra, with 

the gradation compatible with that of A. 

Consider the non-degenerate supersymmetric bilinear form (-|-) on C 00 ' 00 de- 
fined by 

{ei\ej) = (e^e*) = 6 it -j, i,j G Z*; 
(e r |e s ) = -(e s |e r ) = sgn(r)<5 r _ s , r, s G \ + Z; 
(ei\e r ) = (e r \ei) = 0, 2. G Z*, r G | + Z. 



We define the Lie superalgebra T> = T>q(BT>i to be the subalgebra of A preserving 
this form, i.e. 

D e = {A 6 A e \{Av\w) = ~(-iy M (v\Aw)}, e = 0, 1. 

This is a Lie superalgebra of type OSP. It is easy to see that the subspace 
spanned by the following elements is a subalgebra of T> (i,j G Z*, r, s G | + Z): 



e i,j 






&r,s 


:= — e_ S) _ r := e rjS — e_ Sj _ r , rs > (i.e., r, s > or r, 


s<0); 


&r,s 


:= e_ Sj _ r := e r>s + e_ Sj _ r , rs < (i.e., r, — s > or r, 


-s < 0) 


&i,r 


. C— r ^—i . ~t~ 6— r,— i; 7* ^ 0, 






. 6_ r _^ . ^2,r ^— r,— «5 7* ^ 0. 





Note that D f is a direct sum of an infinite dimensional symplectic Lie algebra 
and an infinite dimensional orthogonal Lie algebra. The Lie superalgebra D has 
a central extension by an even central element C associated with the two-cocycle 
given in (|3.2|) . We shall denote this central extension by D. The Lie superalgebra 
D also has a |Z-gradation compatible with that of A with C being of degree zero. 

Remark 3.1. Both C and T> are |Z-graded Lie sub superalgebras of A. Thus the 
triangular decomposition A = A + © A © A- of A leads to natural triangular 
decompositions of C and D: 

e = e+©e ©(L, 6 = 2) + ©a3 ©2)_, 

where C ro = C fl A m , T> ro = D D A, for w being +, — and 0. This will be of 
considerable importance when we develop the representation theory of these Lie 
superalgebras. 



REPRESENTATIONS OF LIE SUPERALGEBRAS OF INFINITE RANK 



9 



Remark 3.2. For g being A, C or D, we shall use the notation q-> to denote the 
iZ-graded subalgebra g R gL^i^. 

4. Criterion for quasi-finiteness of modules 

In this section we give a complete classification of all the quasi-finite irreducible 
highest weight modules over the Lie superalgebras discussed in Sectional 

4.1. Quasi-finite modules. Let g = ©,- e iz0j (possibly dimg, = oo) be a 

|Z-graded Lie superalgebra, with the even subspace ffijgzflj, and odd subspace 
©jgi+zflj- We assume that g is abelian. We have the triangular decomposition 

S = 9- © So © fl+, with g± = © r>0 g± r - 

A g-module M = (B j€ i z Mj is graded if 0»M,- C M i+j . A vector uGMis called 
homogeneous of degree if v G Mj for some j G |Z. Following the terminology 
of Kac and Radul J7j, we shall call M quasi-finite if dimMj < oo for all j G |Z. 

A g-module M is called a highest weight module with highest weight £ G g^ if 
there is a nonzero vector G M satisfying the following conditions: 

(i) hv£ = £(h)v£, for all h G go, 

(ii) g+^ = 0, 

(iii) U(g_H = M. 

Then f ^ is called a highest weight vector of M. Note that by declaring the highest 
weight vector of the highest weight module M to be of degree zero, the module M 
is naturally |Z-graded. More precisely, we have M = © rg i z+ M_ r and M = Cv^. 
A homogeneous nonzero vector v in the highest weight module M is said to be 
singular if q + v = 0. A highest weight module is irreducible if and only if the 
space of singular vectors is 1-dimensional. 

Associated with every ^ 6 gj, there is a Verma module 

M(g,£) := U(g) ©u( offi 0+ ) Cv i} 

where Cv% is regarded as a lX(g ©g+)-module by setting hv^ = £(h)v£ for all h G go 
and Q+v% = 0. Note that M(g, £) is a highest weight module and for every highest 
weight module M of highest weight £, there is a natural epimorphism ip from 
M(g,£) onto M determined by ipiy^) = u^, where is a highest weight vector 
in M. Thus every highest weight module M of highest weight £ is a quotient of 
M(g,£). Moreover, M(g,£) contains a unique maximal proper submodule which 
is also graded. Hence, for any £ G Qq, there is the unique irreducible highest weight 
module, denoted by L(g, £), which is isomorphic to the quotient of M(g,£) by 
the maximal proper graded submodule. 

We recall the following criterion for quasi-finite highest weight modules. 
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Proposition 4.1. [7j Let g = ©,- e iz0j be a ^Z-graded Lie superalgebra such that 
0o is abelian. Let M = ©,- g i z M_,- 6e a highest weight Q-module with highest 
weight ( 6 gj. For any non-zero highest weight vector v$ in M, the subspace QjV% 
is finite-dimensional for all j if and only if M is quasi-finite. 

Let M be a g- module. For any A G 0g, set 

M x = {v E M | hv = X(h)v, for all /i G g }. 

When Ma 7^ 0, A is called a weight of M, and Ma is called the weight space of 
weight A. We let P(M) denote the set of all weights of M. A graded g-module 
M = © jG i z Mj is called Qo-diagonalizable if M satisfies the following conditions: 

(i) Ma is finite dimensional, 

(ii) Mj = © Ag p(m)(Ma n Mj), for all j G §Z. 

For any A G 0q> we & l so se t 

5a = G g I [h, x] = X(h)x, for all h G g }- 

As all the infinite rank Lie superalgebras in Section El are |Z-graded, the repre- 
sentation theoretical notions discussed above are all valid for them. The following 
easy lemma is also useful for the purpose of studying their representation theory. 

Lemma 4.1. Let n be any transcendental real number over the field of rational 
numbers. For any integers ji < J2 < • ' ' < jn, we let Vi := (n^ 1 , n^ 2 , • • • , ^ n ), 
for i = 1, 2, • • ■ , n. Then V\, V2, ■ ■ ■ , v n are linearly independent in C n 



Proof. Let 

/ x jl x h • • • , x jn \ 

T-2.J1 ™2j2 . . . r/.'ijn 

f(x) = det . . . 

\ rj-nji ™nj' 2 . . . „nj n , 

Then f[x) is a nonzero Laurent polynomial with integral coefficients. Therefore 
f(-n) ^ and this implies the lemma. □ 

4.2. Quasi-finite gl^ ^-modules. For any k G |Z and N G ~Z + , we let 

\i\>N, 



The following lemma can be confirmed by a straightforward computation. 
Lemma 4.2. Given any fixed positive integer or half integer N, we have 

[(g!oo|oo)p> (gloo|oo)-fc,fc+Jv] C (gloo|oo)-(fc-p),(fc-p)+Af) 

/or a// k,p £ \Z + with p < k. 
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Proposition 4.2. Let M = © Jg i z+ M_j be a highest weight gl^^-module and v 

a non-zero highest weight vector. If (gl 00 | 00 )_ r , i;o is finite dimensional for a fixed 
number r G |N ; then for every p G |Z + with p < r, there exists N G N sitc/i that 

(&oo\oo)-P,NV = 0. 

In particular, (gl oo | oo )_ p t> is finite dimensional for all p < r. 

Proof. Fixing a transcendental real number n, we let Wi = ^2j e ^x 7r2l '' e j+r,jy 

for each i G N, which belong to (gl^^).,.. For any x = Y^=i a k w iv wnere 
, Q!j 2 , • • • , a ifc are nonzero complex numbers with Z! < i 2 < ■ ■ ■ < i^, we can 
re-write it as x = J2je-z Pj e j+r,j- Then by applying Lemma ETT1 we easily show 

<* 2 

that the /3j are nonzero except for finitely many j. Thus there always exists some 
positive integer iV with N > r such that (3j ^ for all j with \j\ > N. Since 

(gl 00 | 00 )_ r fo is finite dimensional, we can always find nonzero complex numbers 

oi4 1 , a i2 , ■ ■ ■ , a ik so that x = Y^t=i a n w n sa ti snes xv o — 0. We fix such an x. 

We shall prove the proposition by contradiction. Assume that there exists 
p G |Z + with p < r such that (gl 00 | 00 )_ p>g vo ^ 0, for all q G N. Then we 
can find y := Yl\j\>N a j e j+p,j e ($oc\oo)~p,n such that yv ^ 0. We claim that 
corresponding to each such y, there exits a u = ^2jpii^j e j+p,j+r e (glooioo)r--p 

J 2 ' 

such that 

(4.1) [u,x] = y. 

Indeed if we choose an element u with the coefficients bj, —N — 2r<j<N + r, 
given by 

0, if -N - r < j < N; 

if N<j<N + r; 

Pi 



bj ■= < 



~ ( ~ 1) ' r(r V)aj+ \ if -N-2r<j<-N-r: 

p j 1 - 



and the 6j for j < —N — 2r or j > N + r given recursively by 

a j + (~ 1 ) 4r(r ~ p) ft+P-rbj-r y? j > N -\-r' 



b r . 



(_j)4r(r P)(b j + r l3 j + r -a j + r ,) ^. ^ _ 2 r 



then (|4.1j) holds true as can be shown by a direct computation. However, equation 
(JUT} leads to the obvious contradiction ?/v = [u, x]vq = 0. This completes the 
proof. □ 
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The following theorem is an obvious consequence of Proposition ^. H and Propo- 
sition IP 

Theorem 4.1. Let M = ®^ e i z+ M^j be a highest weight gl^^-module with 
highest weight £ and vo a non-zero highest weight vector. Then M is quasi-finite 
if and only if for every r G there exists N G N such that 

(gloo|ao)-r,7W0 = 0. 

In this case, M = U(g\'l o ^ oo )v and hence is (gl^oo) o-diagonalizable. 

Denote by A ,u s (s G |Z), the fundamental weights of gl^oo, where A ,u s G 
(g!oo|oo)o> are defined by 



a r e rr + dC) — a s , A ( a r e rr + dC) = d, 



for all EreiZ a r e rr + dC G (gl oo | oo ) - 

Theorem 4.2. Let M 6e an irreducible highest weight gl^^-module and a 
non-zero highest weight vector. Then the following are equivalent: 

(i) M is quasi-finite, 

(ii) (gi o|oo)-± t '£ is finite dimensional, 

(iii) there exists N G N such that £ = ^jj|<iv, £jL)j + rfAo, where £j, d G C 

Proof. It clearly follows from Proposition 14.21 that (i) implies (ii) and (ii) implies 
(iii). Now we show that (iii) implies (i). Assume that £ = ^|j|<jv , Ci^j + °^-o- 

Then by Theorem 14.11 it is sufficient to show that for all r G there exists 

A" G N such that (gl 00 | 00 )_ r , j 7v^ = 0. We shall prove it by induction. It is 
obviously true for r = and we assume that it is also true for all p G ~N 
with < p < r. Choose N p G N such that (gl 00 | 00 )_ p>A r p t; ? = 0. Let N = 
max{Ao + l,ATi/2, ••• ,N r -i/2}- For all p G |N with p > r, it is clear that 
(g 1 oo|oo) P (g 1 oo|oo)-r,r+v^ Q (gloo|oo) P -r^ = 0. By Lemma H21 we also have 

(g 1 oo|oo)p(g 1 oo|oo)-r,r+7VV 5 C [(gl 00 | 00 ) p , (gloo|oo) -r,r+Jv] ^ 

^ (g 1 oo|oo)-(r-p),(r-p)+Ar^ 
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for all p G t;N with < p < r. Thus (gl 00 | 00 ) + (gl 00 | 00 )-r,r+iv^ = 0. Similarly 
using Lemma (4.21 again. 

(gloo | oo ) (gloo | oo ) -r,r+ 
Q(g!oo|oo)o, (gloo|oo)-r,r+7vK + (gU|oo)-r,r+iv(gloo|oo V« 
C(gloo|oo)-r,r+2V% 

Therefore U((gl 00 | 00 )_)(gl 00 | 00 )_ r , ir+ 7v^ is a proper submodule of M. Thus we 
have (gl 00 | 00 )_ 7V .+jv'i'£ = since M is irreducible. □ 

We will let gl^ denote the the Z- graded subalgebra of gl^oo defined by 

gU : = {(%) e g!oo|ool an = for % = \ or j = § } © CC. 

Then gl^ is a Lie algebra with the natural Z-gradation induced from gl^oo- 
Therefore, the notions of highest weight modules, quasi-finite highest weight 
modules, etc. can also be defined for the Lie algebra gL^. We also let A , u)i, 
i G Z, denote the fundamental weights of gl^. That is, A ,uji G (gloo)o with 
^(52 j& ajCjj + dC) = at and A (X^ e z a j e jj + dC) = d, for all ajejj + dC e 
flo- 
Using arguments analogous to those in the proof of Theorem 14.21 we can prove 
the following theorem. 

Theorem 4.3. Let M be an irreducible highest weight gl^-module and a non- 
zero highest weight vector. Then the following are equivalent: 

(i) M is quasi-finite, 

(ii) (gl 00 )_i , U£ is finite dimensional, 

(iii) there exists N G N such that £ = J2\j\<n ^i^j + dAo, where d G C. 

4.3. Quasi-finite .A-modules. Results proved in the last subsection all gener- 
alize to the Lie superalgebra A. We shall summarize them here, but omit all the 
proofs, as they are the same as in the case of gl^oo- 
For any k G |Z and TV G |Z + , we let 

Ak,N '■= {x £ A | x = ajej_k,j, a j G C }. 

\j\>N, 



Proposition 4.3. Let M = (Bj e i% + M^j be a highest weight A-module and vq be 
a non-zero highest weight vector in M. If A- r v is finite dimensional for a fixed 
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number r G |N, then for every p G |Z+ with p < r, there exists N G N such that 

A- PtN v = 0. 

In particular, A^ p Vq is finite dimensional for all p < r. 

The following theorem is an obvious consequence of Proposition ^. H and Propo- 
sition 14.31 

Theorem 4.4. Let M = © Jg i z+ M_j be a highest weight A-module and vq be a 
non-zero highest weight vector in M. Then M is quasi-finite if and only if for 
every r G ^Z +; there exists N G N such that 

A^ T) nVq = 0. 

In this case, M = U(A^)vq and is A -diagonalizable. 

We let A , lo s e Aq (s <E |Z*, Z* := Z\{0}), denote the fundamental weights of 
A, which are defined by ^ s ($2 r e 1 z* a r&rr + dC) = a s , A (^ rG iz* a, r e rr + dC) = d, 

for all X^re-Z* a r e rr + dC G Aq. 

Theorem 4.5. Let M be an irreducible highest weight A-module and v% a non- 
zero highest weight vector in M. Then the following are equivalent: 

(i) M is quasi-finite, 

(ii) A_iv% is finite dimensional, 

(iii) there exists N G N such that £ = ^ \j\<n, ^jU)j + dA , where d G C. 

je^z* 

4.4. Quasi-finite C-modules. For any k G |Z and AT G |Z + , we let 
Cfe.Af := {x G C | x = ^ ajej-kj, aj G C }. 

3>N, 

We have the following lemma, which can be confirmed by a direct computation. 

Lemma 4.3. Given any fixed positive integer or half integer N, we have 

[Cp> C-fc,fc+v] C C_(fe_p) ) (fc_p)+jV) 
for all k,p G |Z + wift p < k. 

Proposition 4.4. Lei M = © Jg i z+ M_j fre a highest weight Q-module and Vq a 

non-zero highest weight vector in M. If C- r Vo is finite dimensional for a fixed 
number r G |N, then for every p G |Z + with p < r, there exists N G N such that 

Q-p,nv = 0. 

In particular, C_ p t>o is finite dimensional for all p < r. 
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Proof. The proof is quite similar to Proposition 14.21 Choosing a fixed transcen- 
dental real number tt, we let Wi = Ylj^n^^j+rj be an element in G_ r for each 

i 6 N. We put x = Yld=i a H w iv where oci x , Q!i 2 , • • • , ati k are nonzero complex 
numbers. By Lemma l4.1| we have x = ^„- e i H 0j&j+r,j such that (3j are nonzero 
except finitely many j. Choose a positive integer N with N > r such that f3j ^ 
for all j with j > N. 

We shall prove by contradiction. Assume that there exists p G |Z + with p < r 

such that G- Pt gVo ^ 0, for all q G N. Therefore, we can find y := Ylij>N a j&j+p,j e 
C_ Pi at such that yv ^ 0. Let u = $^,- 6 i N bjej +p j +r G C r _ p , where 6j is defined as 
follows: 

0, if < j < iV; 



if iV<i<A^ + r; 
and for j > N + r, is defined by the following recursive relations: 



b 



a . + (-i)4Kr- P ) / g. +p _ r . fo ._ r 



.7 

Direct computations show that [u, x] = y, and hence uxvq = yvo ^ 0. On 
the other hand, we can find nonzero complex numbers , a« 2 , ■ • ■ , cti k so that 

xv o = Zw=i °tii w ii v o — since C_ r fo is finite dimensional, which contradicts 
uxvo 7^ 0. □ 

The following theorem is an immediate consequence of the Proposition 14. II and 
Proposition 14.41 

Theorem 4.6. Let M = ©- e i z M_ 3 - be a highest weight Q-module with highest 
weight £ and Vq a non-zero highest weight vector in M. Then M is quasi-finite if 
and only if for every r G there exists N G N such that 

Q-r,NV = 0. 

In this case, M = U(Qf)v and is Q -diagonalizable. 

Let A , u s , s G |N, denote the fundamental weights of C, that is, A , u s G 
(C )* defined by u s (J2 r e^ a r^rr + dC) = a s , A (J2 re ^ N a r e r r + dC) = d, for all 
Ylre-n a r^rr + dC G Co- We have the following theorem, the proof of which will 
be omitted here, since it is similar to the proof of Theorem 14.21 

Theorem 4.7. Let M be an irreducible highest weight Q-module with a non-zero 
highest weight vector v%. Then the following are equivalent: 

(i) M is quasi-finite, 

(ii) is finite dimensional, 
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(iii) there exists iVeN such that £ = ^j<jv, + gL/Yq ; where £j ; d£C. 

4.5. Quasi-finite D-modules. All theorems and propositions proved in the last 
subsection can be adapted to the Lie superalgebra D. We summarize the results 
here, but omit their proofs as they are much the same as in the case of C. 
For any k G |Z and N G we let 

2)fc,iv := {i G D | x = ^ aje~j- k j, aj G C }. 

i>JV, 

The following lemma can be proven by a direct computation. 

Lemma 4.4. Given any fixed positive integer or half integer N, we have 

[Dp, D_ k)k+N ] C 2)_(fc_p) i (j fc _ p ) + Ar, 
/or a// k,p E w'i/i p < k. 

Proposition 4.5. Let M = ©,- G iz ^-j ^ e a highest weight D-module and vq a 

non-zero highest weight vector in M . If D_ r t>o finite dimensional for a fixed 
number r G |N, t/ien for every p G |Z + with p < r, there exists N G N snc/i that 

T)- p ,nVq = 0. 

In particular, D„ p v is finite dimensional for all p < r. 

The following theorem is an obvious consequence of the Proposition 14.11 and 
Proposition 14.51 

Theorem 4.8. Let M = © 3 - e iz M_j be a highest weight D-module with highest 
weight £ and Vq a non-zero highest weight vector. Then M is quasi-finite if and 
only if for every r G there exists N G N such that 

D-r )N v = 0. 

In this case, M = tX(D^)i>o and is Do-diagonalizable. 

Let A , uj s , s G |N, denote the fundamental weights of D, that is, A , uj s G 
(Do)* defined by cj s (^ re i N a r e rr + dC) = a s , A (^ r6 i N a r e rr + dC) = d, for all 

Sre^N a r&rr + dC G D . 

Theorem 4.9. Let M be an irreducible highest weight D-module and v% a non- 
zero highest weight vector in M. Then the following are equivalent: 

(i) M is quasi-finite, 

(ii) D_ii>£ is finite dimensional, 
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(iii) there exists N e N such that £ = O^i + where £j, d e C. 

Remark 4.1. All results in this section can be restricted to the non-super case, 
leading to descriptions and classifications of the irreducible quasi-finite highest 
weight modules over gl^ and its Z-graded subalgebras. 

5. UNITARIZABLE REPRESENTATIONS AND THEIR FREE FIELD REALIZATIONS 

In this section we study in detail a particularly nice class of modules over the 
infinite rank Lie superalgebras gl^oo, A, C and D, namely, the quasi-finite irre- 
ducible highest weight modules, which are unitarizable with respect to natural 
choices of *-structures for these Lie superalgebras. Several results are obtained 
here, including (1). the classification of the unitarizable quasi- finite irreducible 
highest weight modules over the Lie superalgebras gl^oo, A, C and T>; (2). real- 
izations of these irreducible modules on Fock spaces; and (3). generalized Howe 
dualities between these infinite rank Lie superalgebras and classical Lie alge- 
bras. The generalized Howe dualities will provide the principal tool for con- 
structing character formulae for the unitarizable quasi-finite irreducible highest 
weight modules in the next section. 

5.1. Unitarizable gl^^-modules and their Fock space realizations. 

5.1.1. Free field realization o/gl^i^ and (gl^oo, g id) -duality. Let gld denote the 
Lie algebra of all complex d x d matrices. Let {e 1 , . . . , e d } be the standard basis 
for C d . Denote by the elementary matrix with 1 in the z-th row and j-th 
column and elsewhere. Then f)^ = Ylt=i C-Eii is a Cartan subalgebra, while 
bd = J2i<i<j<d^--Eij is the standard Borel subalgebra containing h^. The weight 
of e l is denoted by ii for 1 < % < d. 

We regard a finite sequence A = (Ai, • • • , \ d ) of complex numbers as an element 
of the dual vector space \f d of f)^ defined by X(E ii ) = Aj, for % — 1, • • • , d. Denote 
by V£ the irreducible g/^-module with highest weight A relative to the standard 
Borel subalgebra b d . 

Consider d pairs of free fermionic fields ip ±,l (z) and d pairs of free symplectic 
bosonic fields ^^(z), i — 1, • • • , d, with the following mode expansions: 



^(z) 




£ 7 r + ^ r - 1/2 , T>\z) 



£ TV'** 



-r- 1/2 



r£±+Z 
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,k 
-mi 



where the operators ipt' 1 an d satisfy the usual (anti-)commutation relations 
with the non-trivial ones being given by 

Denote by sd d the associative superalgebra generated by these operators. stf d 
admits a ^-structure u : srf d —>■ &/ d defined by 

(5.1) u(1>£ k ) = ^-■ t ) = i,t; 

(5.2) = ( -<-\ * r >° n , ^-*) = { 7r' r I « 

-7_; , it r < 0. [ 7_; , it r < 

for all m G Z, r G | + Z, & = 1, 2, • • • , d. It can be easily shown that u indeed 
defines an anti-linear anti-involution on £/ d . 

We shall take the operators i^n'\ i ) m\ with i = 1,2 ■ ■ ■ , d, n > 0, m > 0, 
r > 0, as annihilation operators, and the rest as creation operators. Let $ d be 
the Fock space of srf d generated by the vacuum vector |0), which is nullified by 
the annihilation operators, i.e., 

^|0) = CIO) = 7^10) = 0, 

for all i = 1,2,- • • ,d; n > 0; m > 0; r > 0. 

Let (-|-) be the contravariant Hermitian from on the Fock space $ d defined with 
respect to the anti-linear anti-involution uo given in (|5.1jl and ()5.2j) . We normalize 
the form on the vacuum vector |0) so that (0 1 0) = 1. 

Lemma 5.1. The Fock space $ d equipped with the contravariant Hermitian from 
(•|-) is a unitarizable stf d -module. 

Proof. In the 'particle number basis' for the Fock space, the lemma can be con- 
firmed by a straightforward calculation, details of which are omitted here. How- 
ever, see Remark 15. II below. □ 

Remark 5.1. If we remove all the minus signs from ()5.2|) . we still obtain a *- 
structure for stf d . In fact this is the usual conjugation rule for symplectic bosons 
adopted in the physics literature. However, it is quite well known that the Fock 
space of symplectic bosons is not unitarizable with respect to the usual conjuga- 
tion rule. 
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The Lie superalgebra gl^oo can be realized on the Fock space $ d as follows: 

C = d, 

d d 

(5.3) ey = Y ■■ ^-ii>? P e rs = l-?l7' P 

p=i p=i 

p=i p—i 

where i, j E Z and r, s E \ + Z. There also exists an action of 5^ on which 
is given by the formula 

Eij = Y '■ ^-n^n' J ■ ~ Y '■ 'y-r%' 3 '■ • 
neZ rel/2+Z 

Here and further :: denotes the normal ordering of operators. That is, if A and 
B are two operators, then : AB := AB, if B is an annihilation operator, while 
: AB := (-lj^^lfivl, otherwise, where \X\ denotes the parity of X. 
The following result is the (gl^oo, (^-duality of [Zj. 

Theorem 5.1. j2j The Lie superalgebra gl^^ and glj form a dual pair on $ d in 
the sense of Howe. Furthermore we have the following (multiplicity-free) decom- 
position of ^ d with respect to their joint action 



A 



where the summation is over all generalized partitions of length d. 

Here the notation A (A) requires some explanation. For a generalized partition 
A = (Ai,A2, ■•• , Ad) of length d, we have the shifted Frobenius notation (see 
Section EH1) 

A(A) = (£ s +i,£ a +4> ' ■ ■ >£-4 I 6+1,6+2, • • • ,Co I • • • I 6,6, • ■ • ,6 



2 



We identify A(A) with an element of the dual space (gl^oo)^ of (gl 00 | 00 )o defined 
by 

(5.4) A(A):= Y ^ + dA o- 

s+l <j<r 

5.1.2. Unitarizable gl^i ^-modules. Let us consider the anti-linear anti-involution 
on giooloo defined by 

C^C, e M ^(-l)W+Me 9P , Vp, q, 
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where [r] = 1 if r is a negative half integer, and [r] = otherwise. This map 
naturally extends to an anti-linear anti-involution on gl^^ with 

C i— > C, ^ o-p^p-k,p l— *■ ^ ] ^—X^W+b k ^a p e PtP -k, 

for all J2p£iz a p e p~k,p £ (glooioo)*; an d f° r an & e 1^' Here a denotes the complex 
conjugate of the complex number a. Abusing the notation, we shall also denote 
this map by co. 

The realization (J5.3|) of gl^^ in srf d defines an associative superalgebra ho- 

momorphism $ : lX(gl 00 | 00 ) — > £^ d . By using (|5.1|) and (|5.2|) we can show by a 

direct computation that a>$(:r) = <&(lj(x)) for all x G U(gl 0O i oo ). Thus $ is a 
*-superalgebra homomorphism. 

Since the Fock space $ d equipped with the Hermitian form ( • | • ) is a unitariz- 

able .s^-module, it naturally restricts to a unitarizable module over gl^oo- Hence 
£d f orms a unitarizable gl^^-module as can be easily seen by examining the ac- 
tion of gl^ioo on $ d . By Theorem 15 .11 for each generalized partition A of length d, 

the irreducible gl^^-module L(gl 00 | 00 , A(A)) is unitarizable. We shall show that 
such modules exhaust all the unitarizable irreducible quasi-finite highest weight 
gl^l^-modules with respect to the *-structure uj. 

Theorem 5.2. Let M be an irreducible quasi-finite highest weight gl^^-module 
with highest weight £. Then M is unitarizable with respect to the ^-structure u 
if and only if £ — A(A) for some generalized partition A. In other words, M is 
unitarizable if and only if 

s + ^<j<r 
jS^Z 

such that d G Z +; — s,r G N and £j G Z for all j satisfying the following condi- 
tions: 

(i) £i > £i > • • • > £ r _i > 0, £1 > £ 2 > • ■ ■ > Cr > 0, and £ r _i = if only if 
r = 1 and £1 = £1 = ; 

(ii) > £ s+ i > £ s+ | > • • • > £_i ; > £ s+1 > £ s+2 > • • • > £„, and £ s+1 = if 
only if s = — 1 and £_i = £0 = 0, 

(iii) rnin{£i,l} + £ 1 -£ <d- 
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Proof. We already know that for any generalized partition A, the gl^ ^-module 
L(gl 00 | 00 , A(A)) is unitarizable. Now we show that if M is a unitarizable irre- 
ducible quasi-finite highest weight gl^ ^-module with the highest weight £, then 
£ = A(A) for some generalized partition A. Let ( -|- ) be a positive definite con- 
travariant Hermitian form on M and v% a highest weight vector of M such that 
= 1. We put £(e&) = £; for all i G |Z. By Theorem 14.21 there exists 
N <E N such that £ = ^2\j\<n, ^jUJj + dA , where £.,•, d G C. For each % G N, 

{e i;i — ej + i ii+ i, ej )i+ i, e^i^} forms a standard basis for the Lie algebra si (2, C) and 
u)(ea+i) = ei + i t i. Unitarizability of M with respect to this subalgebra requires 
(see, e.g., Theorem 11.7 in |16J) £j — Ci+i — £( e v ~ e i+i,«+i) £ Z + . Since M is a 
quasi-finite highest weight gl^ ^-module, we have £, G Z + for alH G N and 

£l > 6 > • • • > > £n+l = £n+2 = • • • = for SOHie fl G N. 

Similarly, we have £j G Z + for alH G | + Z + and 

£i > £f > • • • > £ r _i > C + i = C+| = • • • = for some r G N. 
Now we are going to show that for each % G |N, either 
(5.5) £* > £ m or & = £ i+ i = 0. 

It is sufficient to show that £j = £j+i implies £j = £ i+ i = 0. Assume that £j = £j + i. 
Then 

(e i+ ijV£ | e i+ i,i^) = fa | a;(e i+ i i i)ei + i ii ^) 
= | e i)i+1 e i+1) jt! $ ) 

= £i — 6+1 
= 0. 

Therefore, we have ej+i^ = 0. On the other hand, we have 

(e i+ i ji+1 e i+M ^ | e i+ i ii+1 e i+1) i^) = (e i+ i^ | e i+ i^) 

= (*>f I e iii+ ie i+ i^ ? ) 
= I ei,< + e i+ i ii+ ivt) 
= 6 + W 

Thus £i + £ i+ i = since ej+i^ = 0. Since £j > and £ i+ i > 0, we have 
£i = Ci+i = 0. By (J53j) . there is r G N such that 

£l > £ 2 > • • • > £r > £r+l = £r+2 = ■ ■ ■ = 0, 

£i > £f > - - • > £ r _i > £ r+ i = c +i = • ■ ■ = 0, 

or £i = 6 = 0. 
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By using similar argument as above (note that u^e^i^) = — e i(i _i for all — % G 
Z + ), we have — 6 G Z + for all — i G |Z + , and there is s G N such that 

o = --- = 4-i = c_i>c + i>c + f >--->e_i, 

o = ■ • ■ = 6-1 = 6 > 6+1 > 6+2 > • • ■ > 6, 
or £_| =6 = 0. 

Now we choose a large positive integer n such that £(e„ jn ) = £(e_ n) _ n ) = 0. 
Consider the subalgebra s/(2,C) spanned by {e_ n> _„ — e n>n + C, e_ n>n , e ni _ n }. 
Note that co>(e_„ in ) = e n _ n . Using the standard trick on unitarizable modules 
again, we have d = £(C) = i{e- n ^ n — e n>n + C) G Z + . Finally, we need to show 
min{^i, 1} + 6 — 6 < d- Since (e^oVg | ei,o^) > and 

(ei,o^ | ei >0 ^) = (f 5 | w(e liQ )ei )0 ^) 

= I ( e o,o - ei,i + C7)v € ) 

= 6 - 6 + d, 

we have 6 ~~ 6 + d > 0. If 6 — 6 + d > 0, the proof the theorem is completed. 
Otherwise, we have 6 ~~ 6 + d = and ei t ov^ = 0. Therefore we have 

(5.6) d + 6 = 6 > o. 

On the other hand, by using (j5.6|) and e^ofg = 0, we have 

= (ei^e^o^ | ei A e lfi vt.) 
= (ei (0 v € | ei >0 V() 

= ( v t I o) e i,o^> 

= | (e ,o + e^i + C)u e ) 

=6+6 +d 

= ei + 6. 

Since £i > and 6 > 0, we have £i = 6 = and min{£i , 1} + 6 — 6 = ~~ 6 < d 
by ()5.6|) again. This completes the proof of the theorem. □ 



Recall that in [23| Wang showed that there is a gl^ x gld duality on the subspace 
of the Fock space $ d generated by the fermionic operators. By modifying the 
arguments in the proof of Theorem 15.21 we can show that 

Theorem 5.3. Let M be an irreducible quasi-finite highest weight gl^-module 
with the highest weight 6 Then M is unitarizable if and only if 

£ = 5^ + dA ° 

s<j<r 

such that d G Z +; r G N ; — s G Z + and 6 G Z /or a// j satisfying the following 
conditions: 
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(i) £i > 6 > • • • > 6- > o, 

(ii) > £ s > > • • • > 

(iii) 6 - Co < d- 

5.2. Unitarizable .A-modules and their Fock space realizations. 



5.2.1. Free field realization of A and (A, g id) -duality. Consider d pairs of free 
fermions tj) ±,l {z) and d pairs of free symplectic bosons ^^(z) ( i — 1, • • • , d) 

= E ^-"-\ = E Vn^""^ 



^( Z ) = e it^- r ~ xl \ i~M = E 7,-^- r - 1/2 



rG±+Z 



with the non-trivial anti-commutation relations [^'*, ^7 ,J ] = ^An+n.o and com- 
mutation relations [7 r + '*, 77 ,J ] = (%c) r+Si o. We take -i/^' 1 , 7^'\ m,r > 0, as an- 
nihilation operators, and ip^\ m , r < as creation operators. Let #q 
denote the corresponding Fock space generated by the vacuum vector |0) with 
^>*|0) = 7^10) = 0, for i = 1, 2 • • • , d, m > and r > 0. 

We have an action of A with central charge d on 5o given by (i,j G Z* and 
r, s G | + Z) 



E^-f^ 
P =i 

d 

E : ^77"" : > 
p=l 



e rs = ~E : 7-^7 s ,P 
p=i 

^ = - E : 7-;^- ,p : • 

p=l 



There is also an action of gld on #q, which is given by the formula 
(5.7) t\ 



u ~ E : ^n' j ■■ ~ E : 7-'77 J : 

nGZ* rGl/2+Z 



For j G N we define the matrices X •? as follows 



• 7^\ 

2 d 2 (l 1 2 



d-l 



Ci 1 / 
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x- 



ll-l 

-I 

V>-2 



7 



4-1 



7_3 
2 , 



4-1 



2 
2 

^-2 



4-1 



x~ 



x- 



7_i 

-I 
7_k 

2 



7. 



-,d-l 

-1-1 

7_3 
2 



7_i 
-fi 

7_3 
2 



k> d. 



7_ 



7_ 



*4/ 



The matrices X\ for j G N, are defined similarly. Namely, X 7 is obtained from 
X~i by replacing by ifjp d ~ k+1 and 7 J T' fc by 7+' d ~* +1 . For < r < d and 
j 6 Z*, we let X l r denote the first r x r minor of the matrix X 1 . (We use the 
definition given in [S] for the determinant of a matrix with Grassmannian entries.) 

Given a generalized partition A = (Ai,A2,--- , Ad) of length d, we have the 
shifted Frobenius notations A(A + ) = (£t,£ti, 4 ' ' I Cti^ti'" >£r~) an d 

2 2 T 2 

A(A~) = (CijCij" - jC^i I ^i"?^)'' - 5^7) f° r the partitions A + and A~, re- 

2 2 s 2 ^ 

spectively (see Section EHJ). We let A yl (A) be an element of the dual space (Aq)* 

of Ao defined by 

(5.8) A- : '(A) := CM - E £i u i + dA °' 

j'<r j> — s 

Let be the subalgebra of stf d generated by those Vm'N Vw l > 7^'* an d 7r~' l > 
m 6 Z*, r 6 | +Z, i = 1, 2, • • • ,d. Then acts on stf d by the usual commutator. 
This action lifts to an action of GL^ on 80$ by conjugation. The GL^ invariants 
of the associative algebra 80$ is generated by A?, hence the g^-action on §o 
commutes with the .A-action. Therefore we have the following result, which is 
analogous to the (gl^i^,^) -duality of [7j. 

Theorem 5.4. The Lie superalgebra A and gl d form a dual pair on #q in the sense 
of Howe. In particular, we have the following (multiplicity-free) decomposition of 
3o with respect to their joint action 

3g^X>G£ A*(A))®ttf, 

A 
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where the summation is over all generalized partitions of length d. Furthermore, 
the joint highest weight vector of the X-component is given by 

A (A~*)'„ Ad ' ' ' A (A-*)i ' A (A+)i ' A (X+)' 2 ■ ■ ' A (A+)' Ai l U /' 

5.2.2. Unitarizable A-modules. The restriction of the anti-linear anti-involution 
uj on the Lie superalgebra gl^^ to A gives an anti-linear anti-involution on A, 
which will also denoted by uj. We have uj(C) = C, and 

uj( a P e P-k, P ) = Yl (-l) bl+[p_A;] a P e PiP _ fc , 

for all Xlpeiz* a p e p-k,p £ -Afc and for all k G |Z. It is clear that the Fock space Jo 
is a subspace of the Fock space # d which is defined in the last subsection. Since 
3 rd is a unitarizable gl^^-module with respect to the Hermitian form ( -|- ), the 

Fock space $o is a unitarizable .A-module with respect to the anti-linear anti- 
involution uj on A. By Theorem 15.41 for each generalized partition A of length 
d, the irreducible 71-module L(A, A A (X)) is unitarizable. In fact they are all the 
unitarizable irreducible .A-modules with respect to uj. We have the following 
theorem. 

Theorem 5.5. Let M be an irreducible quasi-finite highest weight A-module with 
highest weight £. Then M is unitarizable if and only if £ = A A (X) for some 
generalized partition X. In other words, M is unitarizable if and only if 

•V'fA) := & U J - E CM + dA °- 

j<r j>—s 

such that d G Z +; s, r G N and £j G Z /or a// j satisfying the following conditions: 

(i) £+ > £t > ■ ■ ■ > C_! > 0, d + > e 2 + > • • • > C > 0, and e+ ! = i/ and 

2 2 2 2 

only if r = 1 and £t = £i~ = 0> 

2 

(ii) £1 > £J > • • • > G > o, Cr > £" > • • • > C > and Ci = Qi f and 

2 2 A 2 A 2 

on/y if s = 1 and £7 = = 0, 

(iii) min{£+, 1} + min{£7, 1} + + £i~ < d - 

2 2 

Proof. We already know that L(.A, A -/l (A)) are unitarizable irreducible quasi-finite 
highest weight .A-modules for any generalized partition A. Now we are going to 
show that if M is a unitarizable irreducible quasi-finite highest weight .A-module 
with the highest weight £, then £ = A A (X) for some generalized partition A. 
Let ( -|- ) be a positive definite contravariant Hermitian form on M and a 
highest weight vector of M such that (v^\v^) = 1. We put ^(e^) = £j for all 
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i G |Z. By Theorem 14.51 there exists r,s G N such that £ = ^ C/^' — 
j>- s £Zi<jJj + rfA , where d G C. By using similar argument as those 

in the proof of Theorem 15.21 we have d G Z + for i = ~, 1, • • • , r — ~, r, 

j= ,a- and 

>--->C-^°> ei + >e 2 + >--->c + >o. 

2 2 2 

and 

> ^ > • ■ • > > o> &~ > &~ > • • • > c > o. 

2 x 2 A 2 

Moreover, = if and only if r = 1 and £t = £i = 0, and = if and 

r_ 2 2 S ~2 

only if s = 1 and £7 = £f = 0. 

2 

Finally, we need to show min{£t, l} + min{£7, l} + £i" + £r — ^- Since (e^o^f | 

2 2 

(e 1( _i^ | ei = | o;(ei _i)ei 

= | (e_i _i - ei,i + C)^) 

we have — £f — + d > 0. If — £f — ^ + d = 0, then we have ex-\V^ = 0. 
Therefore we have 

(5.9) d -£- = £+>(). 

On the other hand, by using ()5.9|) and ex-\V^ = 0, we have 

= (ei tl ei | ei )X ei 
= (ei^xUf | ei _!^) 
= (V{ | w(ei .Jet 
= fa I (e-i,-i + ei.i + Cfa) 

= -er + £t + d 

2 

Thus we have £f = = 0. Similarly, we also have 

2 

= (e_i,_ie 1 _ 1 ^ | e_ lr ie lrl! ; ( ) = fa.iVj | e^.i^) 

= fa I ^K-iH^it^) 

= fa | (e i _i + ei,i - Cfa) 

2 

= -er-er. 

2 

Thus we have £7 = £f = 0. Hence £t = = £i = £f = and min{£i\ 1} + 

2 2 2 2 

min{£7, 1} + + ff = < d when -£f ~ £i + + d = °- 
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Now we assume that — ^ —£i+d > 0. If£t = 0, then min{£t, l}+min{£i , 1}+ 

2 2 2 

+ Cr — 1 + Ci + Cr — d and the proof of the theorem is completed. Otherwise, 
we may assume that £t > 0. Also we may assume that — £j~ — + d = 1, 

2 

otherwise the proof is also completed. Now we consider 

= (ei,|V{ I (e-1,-1 - ei,i + CK^) 
= - Ci + - 1 + d)<ei,ivf I e^iuf) 

= (-?r-?i + -i + d)(£t + £i + ) 

2 

= 0. 

Thus we have (e_i iei _iei iu* I e_i iei _iei ive) = and 

2' ' '2 2' ' '2 

(e_i >1 ei,_ie 1) ir;£ | e_i (1 ei = (e^i ^e^ \ e_i _ 1 e 1 iv i ) 

= (e h iv 6 | -e_ 1) _ie_i i _ 1 e lj i^) 
= (e^i^ | (e_i,_i + e_i_i) ei| i^) 

2 2 

Therefore, we have £7 = and minj^t , l}+min{£7, +£f — +£f — ^- 

2 2 2 

This completes the proof of the theorem. □ 

5.3. Unitarizable C-modules and their Fock space realizations. 

5.3.1. Free field realization of Q and (C, Sp(2d))- duality. Let us first recall some 
facts about the complex symplectic group Sp{2d) (see, e.g., [SUSHI])- Consider 
the non-degenerate skew-symmetric bilinear form on C 2d given by the 2d x 2d 
matrix 

' I d 
-Id 

where Id is the d x d identity matrix. The symplectic group Sp(2d) is the sub- 
group of GL{2d) which consists of those A G GL{2d) with A l J 2 dA = J 2 d, where 
A 1 is the transpose of the matrix A. The Lie algebra of Sp(2d) is sp(2d) which 
consists of those A G gl(2d) with A t J 2 d + JidA = 0. Denote by the ele- 
mentary matrix with 1 in the i-ih row and j-th column and elsewhere. Then 
5 := Zli<i<d C ( e n _ e<d+i,d+i) is a Cartan subalgebra, while b := Y,i<j<d C ( e ij ~ 
ej + d,i+d) + X^<j ^( e i,j+d + e j+d,i) is the standard Borel subalgebra containing f). 
Let hi = en — ed+i,d+i- 

We write an element A G f)* as A = (Ai,A2,--- , A<z) where A; = A(/ij) for 
z = 1,2, ••• ,d. Let K,p( 2 (i) denote the irreducible sp(2(i)-module with highest 
weight A G f)* defined with respect to the standard Borel subalgebra. Then 
Kp(2d) * s finite-dimensional if and only if A x > A 2 > • • • > A^ and A, G Z + for 



J: 



2d 
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i = 1, • • • , d. Furthermore every such representation lifts to a unique irreducible 
representation of Sp(2d), which is denoted by Vgp^d) anc ^ so we obtain an obvious 
parametrisation of Sp( 2 d) -highest weights in terms of Young diagrams A with 
/(A) <d. 

We let €i G f)* so that ei(hj) = 5ij. We put Zj = e ei when dealing with characters 
ofSp(2d). 

Introduce the following operators on the Fock space 

(5.10) E% + = ■ ■ - E : ■ + E : : > 

nGN nG-N rel/2+Z 

(5.H) = E : J ' : - E : : - E : 7^. 

ngN n6-N rel/2+Z 



where 1 < z, j < d. It is clear that (|5.10|) and (|5.11|) together with ()5.7|) form a 
basis for the Lie algebra sp(2d). The action of the Lie algebra Sp(2d) on the Fock 
space 5q can be lifted to an action of Lie group Sp(2d). Moreover 3o is a direct 
sum of finite dimensional irreducible Sp(2d)-modules. 

On the other hand, Sp(2d) acts on by conjugation. It is not hard to see that 
the Sp(2<i)-invariants of the associative algebra is generated by the following 
combinations of the elements of (|5.3|) : 

(5.12) C, &r,s ^r,s s,~ri 

(5.13) ^hj ^— j,— ^3 ^ ^5 ^hj ^hj ^~j>~i> ^ ^' 

(5.14) G-i^r &—r,—i ^i,r ~t~ ^— r,— 25 ^ ^ 0, ^2,r ^— r,— i ^2,r ^— r,— 2? 2^0, 

where z, j G Z* and r, s G | + Z. Note that (lo~T2l . ffHTTT^ and ([OH) form the Lie 

superalgebra and hence Sp(2d) commutes with C. By a result of Howe [T3] . 
we have the following multiplicity-free decomposition 

(5.15) Z d o = J2 wX ® v s P m 

A 

of with respect to the joint action of C and Sp(2d), where the summation is 
over a subset of all partitions of length d. Here W x denotes an irreducible module 
over C. 

For any given partition A = (Ai, A2, • • • , A^) of length d, we have the shifted 
Frobenius notation A(A) = (£1, £ x i , • • • , £ r _i | £ l3 £ 2 , • • • , £r) (see Section 12.11) . 

Let A e (A) be an element of the dual space Cq of Co defined by 

(5.16) A S (A) := E ZjVj + dA o- 

j<r 



REPRESENTATIONS OF LIE SUPERALGEBRAS OF INFINITE RANK 



29 



Let A be a partition of length d. Then the following vector 
(5-17) X^-Xl-.-X^) 

is a highest weight vector of the Lie superalgebra C, which is defined with respect 
to the Borel subalgebra Co © C+ of C (see Remark iH.ljl and has weight A e (A). 
This follows from the fact that the vector is actually a highest weight vector of 
A. It is easy to see that the vector given by ()5.17|) is also annihilated by (|5.10|) . 
Thus it is a joint highest weight vector of Sp(2d) and C. Note that the weights 
of the vectors of the form ()5.17|) with respect to the Lie group Sp(2d) are exactly 
the weights associated with all partitions of length d. By the decomposition of 
(I5.15jl . we have the following theorem. 

Theorem 5.6. The Lie superalgebra 6 and Sp(2d) form a dual pair on #q in the 
sense of Howe. Furthermore we have the following (multiplicity-free) decomposi- 
tion o/3o w tth respect to their joint action 

^-^L(e,A^(A))®l^ (M) , 

A 

where the summation is over all partitions of length d. The joint highest weight 
vector of the X-component is given by 



x{,.xl,--.x^ |0>. 



5.3.2. Unitarizable G-modules. The restriction of the anti-linear anti-involution 
uj on the Lie superalgebra A to C gives rise to an anti-linear anti-involution on C, 
which will also be denoted by uj. It satisfies uj(C) = C and 

u{ a P e P -k, P ) = Yl (-l) [p]+[p ~ k] a P e P ,P-k, 



for all XlpG 1 ^* a p e p-k,p G and for all k e |Z. Since the Fock space 3o is a uni- 
tarizable yi-module with the positive definite contravariant Hermitian form ( -|- ), 
it is also a unitarizable C-module with respect to the anti-linear anti-involution 
uj. By Theorem 15.61 the irreducible C-module L(C,A e (A)) is unitarizable with 
respect to u for every partition A of length d. In fact these modules exhaust all 
the irreducible quasi-finite highest weight C-modules, which are unitarizable with 
respect to uj. We have the following theorem. 

Theorem 5.7. Let M be an irreducible quasi-finite highest weight G-module with 
highest weight £. Then M is unitarizable if and only if £ = A e (A) for some 
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partition A of length d. In other words, M is unitarizable if and only if 

A e (A) := &">i + dA 

such that d E Z +; r G N and G Z /or a// j satisfying the following conditions: 

(i) £i > £i| > • • • > £ r _i > 0, £i > £ 2 > ■ ■ • > £r > 0, and £ r _i = if only 
if r = 1 and £i = £i = ; 

(ii) min{fi,l} + £ < d. 

Proof. By the argument above, L(C,A e (A)) are unitarizable irreducible quasi- 
finite highest weight C-modules for any partition A. Now we are going to show 
that if M is a unitarizable irreducible quasi-finite highest weight C-module with 
the highest weight £, then £ = A e (A) for some partition A. Let ( -| - ) be a positive 
definite contravariant Hermitian form on M and v% a highest weight vector of 
M such that (v(\v() = 1. We put £(e M ) = & for all i G §N. By Theorem ET71 
there exists r, s G N such that £ = j< r ^jUj + dA , where d G C. Using 

__ 

similar arguments as in the proof of Theorem 15.21 we can show that G Z + for 
% — ~, 1, • • • ,r — ~,r, and 

C| > Cii > • • • > C-i > o, a > £ 2 > • - • > & > o. 

Moreover, we also have £ r _i = if only if r = 1 and £i = £i = 0. 

Now we choose a large positive integer n such that £(e„ jn ) = 0. Consider 
the subalgebra s/(2,C) with standard basis {— e n) „ + C, |e_„ jri , |e n _ n }. Note 
that o>(^e_ njn ) = |e n> _ n , w(|e n) _ n ) = ^e_ njn and o>(— e n>n + C) = —e n ,n + C- 
A standard result on unitarizable s/(2, C)-modules (see, e.g., [TH]) leads to d = 
£(C)=£(-e n ,„ + C)GZ + . 

Finally, we need to show min{£i , 1} + £i < d. Since (e^-i^ | e\ > and 

(\ei | |ei_i^) = | |w(|ei _i)ei 

= d-&, 

we have d > £i. If d > £i, the proof the theorem is completed. Otherwise, we 
assume d — £i = and hence e^-i^ = 0. 
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On the other hand, by using e± = and d — £1 = 0, we have 



= (ei^ei-i^ | e^ei,-!^) 

= I (2C - ei,i + e^i 
= 2d - a + f i 



Hence we have d — £i = £i = and min{£i , 1} + £i < d. This completes the 



5.4. Unitarizable D-modules and their Fock space realizations. In this 
subsection we will construct two types of free field realizations of T> which are 



5.4.1. Basic facts on representations of the complex orthogonal group. We start 
by recalling some facts about finite dimensional representations of the complex 
orthogonal group 0(k) (se, e.g., [21 EH El)- We first consider the case when 
k = 2d is even. Consider the non-degenerate symmetric bilinear form on C 2d 
given by the 2c? x 2d matrix 



where Id is the d x d identity matrix. The orthogonal group 0(2d) is the subgroup 
of GL(2d) which consists of those A G GL(2d) with A t K 2 dA = K 2 d, where A 1 is 
the transpose of the matrix A. The Lie algebra of 0(2d) is so (2d) which consists 
of those A G gl(2d) with A t K 2 d + K 2 dA = 0. Denote by the elementary 
matrix with 1 in the z-th row and j-th column and elsewhere. Let hi : = 

e ii ~ &d+i,d+ii := e i,j+d ~ e j,i+d an d \— Ci+dj ~ e j+d,i f° r 1 < hj 5: d. 

Then f) := J^K^C/ij is a Cartan subalgebra, while b := J2i<i<j<d ^( e M — 
ej + d,i+d) + Xa<t j<d^-^ij + * s ^ e standard Borel subalgebra containing f). 

Write an element A G f)* as A = (Ai, A 2 , ■ ■ • , A^), where \ = A(/ij), for i = 
1, 2, • • • ,d. Let V^d) denote the irreducible highest weight so(2d)-module with 
highest weight A G f)* defined with respect to the standard Borel subalgebra. 
Then V^ 2 d) * s finhe dimensional if and only if Ai > A2 > • • • > |A<f| with either 
Aj G Z or else Aj G \ + Z for all i = 1, • • • , d. Furthermore, the so(2rf)-module 
Ko(2d) u ^ s ^° an 5 , 0(2d)-module if and only if Ai > A 2 > • • • > \Xd\ with Aj G Z 
for all i = 1, • • ■ , d. 

Let V be a finite-dimensional irreducible 0(2c?)-module. When regarded as an 
so(2<f)-module we have the following possibilities: 



proof of the theorem. 



□ 



respectively associated with the (T>,0(2d)) and (T>,0(2d + l))-dualities. 
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(i) V is a direct sum of two irreducible so(2<i)-modules with integral high- 
est weights (Ai, A 2 , • • • , A<j) and (Ai, A 2 , • • • , Afe_i, — A^) respectively, where 
A fc > 0. 

(ii) V is an irreducible so(2d)-module with integral highest weight of the form 
(Ai, A 2 , • • • , Xd-i, 0). 

In the first case, that is when V is the direct sum of the two irreducible so(2d)- 
modules, we denote V by Wq, 2 d y where we let A = (Ai, A 2 , • • • , Xd-\, A^ > 0). In 

nrii Kin nhrvinno r\T 1 / ttrninh ttrn /~\ i^\m Arn \r\-x r I A/ 

0(2d) 

0(2d) 



the second case there are two possible choices of V, which we denote by W, A 
and WQ (2d) <g> det, respectively. Recalling that 0(2d) is a semidirect product 



of SO (2d) and Z 2 . Thus the 0(2d) -modules H 7 ^^ and Wq^a ® det restrict 
to isomorphic 5'0(2rf)-modules. However as 0(2d) -modules they differ by the 
determinant representation so that we may distinguish these two modules as 
follows: consider the element r G 0(2d) — SO(2d) that switches the basis vector 
e d with e 2d and leaves all other basis vectors of C 2d invariant. We declare 
to be the 0(2d)-module on which r transforms an S 0(d) -highest weight vector 
trivially. Note that r transforms an S , 0(2rf)-highest weight vector in the 0(2d)- 

module Wq, m s ® det by —1. 

We may associate Young diagrams A of length 2d to these integral high- 
est weights of 0(2d) as follows (cf. PH). For Ai > A 2 > ■ • • > X d > 
with Aj G Z + for all i, we have an obvious Young diagram of length 2d by 
putting A := (Ai, A 2 , • ■ • , A^, 0, • ■ ■ ,0). When A^ = 0, we associate to the high- 
est weight of Wqq* the usual Young diagram of length 2d by putting A : = 

(Ai, A 2 , • • • , A rf , 0,- • • ,0). We put V£ (2d) := W£ (2dV To the highest weight of 



0(2d) -~ vy 0{2d)- 

^o(2d) ® det we associate the Young diagram A obtained from A by replacing its 

first column by a column of length 2d — X' v Let Vq, 2 « := Wq,^ <S) det. 

Hereafter, we shall adopt the following convention. Given any partition A of 
length 2d satisfying the condition X[ + A' 2 < 2d, we denote by A the partition 
obtained from A by replacing its first column by a column of length 2d — X[. 
There is a one to one correspondence between the finite dimensional irreducible 
0(2d)-representations and the partitions A of length 2d satisfying the condition 
A; + X' 2 <2d. 

Next consider the case when k = 2d + 1 is odd. Take the non-degenerate 
symmetric bilinear form on C 2d+1 given by the (2d+ 1) x (2d+ 1) matrix 

/0 I d " 
K 2d+ i =010 

\h o 

where Id is the d x d identity matrix. The orthogonal group 0(2d + 1) is the 
subgroup of GL(2d+ 1) which consists of those A G GL(2d+ 1) with A t K 2d+ \A = 
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K 2 d+i, where A 1 is the transpose of the matrix A. The Lie algebra of 0(2d+ 1) 
is so(2d+ 1) which consists of those A G gl(2d + 1) with A t K 2 d+i + K 2d+1 A = 0. 
Denote by the elementary matrix with 1 in the i-th row and j-th column and 
elsewhere. Let h { := e u - e d+1+i4+l+i , E-° + := e i4+1 - e d+14+1+h := 

e d+i,j ~ e j+d+i,d+ii E^° + := eij+d+i ~ e j,i+d+i an d := ej + d+i,j ~~ e j+d+i,i 

for 1 < i,j < d. Then [) := Ek^C/i^ * s a Cartan subalgebra, while b := 

£i<«j<«i C ( e M - + Ei<-< d Ci?r + + Ei<y<«i is the standard 

Borel subalgebra containing h. 

Write an element A G h* as A = (Ai,A 2 ,--- , A^), where Aj = X(hi), for i = 
1, 2, • • • , d. Let V^ 2d+1 ) denote the irreducible highest weight so(2d + l)-module 
with highest weight A G h* defined with respect to the standard Borel subalgebra. 
Then V^ o(2d+V) is finite dimensional if and only if Ai > A2 > • • • > A^ with either 
Aj G Z + or Aj G \ + Z + for all i = 1, • • • , d. Furthermore V^d+i) ^° a 
representation of SO{2d+ 1) if and only if \ G Z + . 

Recall that 0(2rf + 1) is a direct product of SO(2d + 1) and Z 2 . Thus any 
finite-dimensional irreducible representation of 0(2d + 1), when regarded as an 
S'0(2rf-|- l)-module, remains irreducible. Conversely an irreducible representation 
of SO(2d+l) gives rise to two non-isomorphic 0(2d+ l)-modules that differ from 
each other by the determinant representation det. We let Wq^ 2(1+1 ^ stand for the 
irreducible 0(2d+ l)-module corresponding to A = (Ai > A 2 > ■ ■ • > A& > 0) on 
which the element —I 2d +i transforms trivially, so that {W / o(2d+i)' ^0(2^+1) ® det} 
with A ranging over all partitions with length d as above is a complete set of 
finite-dimensional non-isomorphic irreducible 0(2d + l)-modules, where I 2 d+i is 
the identity (2d+ 1) x (2d+ 1) matrix. 

Similarly as before we may associate Young diagrams of length 2d + 1 to these 
0(2d + l)-highest weights. For the highest weight A = (Ai > A 2 • ■ • > > 0) 
°f Wo(2d+i)' we nave an obvious Young diagram A = (Ai, A 2 • • • , A rf , 0, ■ • • ,0) of 
length 2d+ 1. Let V£ (2d+1) := W~^ 2d+1) . 

To the highest weight of W^o(2d+i) ® det we associate the Young diagram A 
obtained from A by replacing its first column by a column of length 2d + 1 — X[. 
In this case, we let V^ 2d+1 ) := ^0(2^+1) ® det. 

Hereafter, we adopt the convention that for any given any partition A of length 
2d + 1 satisfying X[ + X' 2 < 2d + 1, we denote by A the partition of length 2d+ 1 
obtained from A by replacing its first column by a column of length 2d + 1 — X[. 
There is a one to one correspondence between the finite dimensional irreducible 
representations of 0(2d + 1) and the partitions A of length 2d + 1 satisfying 
A' 1 + A / 2 <2d+l. 

Let €i G h* so that ei(hj) = Sij. We put z$ = e £l when dealing with characters 
of 0(2d) and 0(2d+l). * 
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5.4.2. Free field realization of D and (D,0 (2d)) -duality. Let us consider the re- 
alization of D on the Fock space #0 related to the (D, 0(2d))-duality. Introduce 
the following operators on 5q : 



(5.18) 
(5.19) 



+,3 



rpso- 



7^7+ J 



•j ■ 



+ 



E 

re-l/2-Z+ 

E 

re-l/2-Z + 



/— r / r 



+ E 

r£l/2+Z+ 

- '■ 7-r 7, 

nGZ* rel/2+Z+ 

where 1 < i, j < d. It is easy to see that (|5.18|) and (|5.19|) together with (|5.7|) 
form a basis for the Lie algebra so(2d). The action of the Lie algebra so (2d) on 
the Fock space §o can be lifted to an action of Lie group SO (2d) and extend to the 
action of the Lie group 0(2d). Moreover $o is a direct sum of finite dimensional 
irreducible modules over 0(2d). 

On the other hand, 0(2d) acts on by conjugation. It is not hard to see that 
the 0(2d)-invariants in the associative algebra stf§ is generated by the following 
combinations of the elements of (J5.3j) : 

(5.20) C; 

( 5 • 2 X ) G"f g — Gf § & — g — f } T* S I^* . 

(5.22) 6^,r &—r,—i &i,r &—r,—ii ^ ^ 0, 

where i,j G Z* and r, s G \ + Z. Note that (I5~2"U1) . (ET2T1) and (l5~2"2l form 

the Lie superalgebra in Therefore the D-action on $q commutes with 
the 0(2d)-action. Following the general reasoning of ^3], we have the following 
multiplicity-free decomposition of 3o with respect to the joint action of D and 
0(2d): 

(5.23) ^ = X> A ® y °W 



^r,s "t - ^ — s, — v j ^ 0; 



where the summation is over a subset of all partitions of length with A' : + X' 2 < 2d, 
and W x is a certain irreducible module over T>. 

For each j G {1, 2, • • ■ , d}, we define the d x d matrix X 7 as follows: 



7^ 
2 

7 + 3 X 

2 



+,2 
7_i 
2 

+,2 
7_k 

2 



+,1 +,2 
7 2,-1 7 2,-1 

*3 



+,d-l 

7_i 
2 

+.d-l 

7_3 
2 



7_i \ 
7_k 

2 



+,d-l -,d 

7 2,-1 7 2,-1 
/ +,<^-i / — ,d 



/ +,d— 1 / —.d 
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For any integer j > d, := X d . Note that the matrix X 7 is obtained from X J 



by replacing its last column by (7 



4 

1 >7_3 , 

2 2 



- .d 1 —A 



■ ■ 4>-j )■ F° r < r < d 



and i > 0, we let X' l r denote the first r x r minor of the matrix X 1 . 
We define the 2d x 2d matrix V as follows: 





-,1 


7 4 


-,2 
1 


••• 7 i 


-,d 

7 1 


7 1 


-,1 
• 7_i 




-i 
-1 




$ 
-1 


2 , 




; — fd— 1 


• Ci 1 




.1 

-1 




-.2 

-1 




/ -A 


/ -,d-l 


■ ^H 1 


U- 


.1 

-1 




-,2 
-1 






1 -,d-l 


• VQ 1 



r := 



/ 

For r > d, we let T r denote the first r x r minor of the matrix T. 

Given a partition A = (Ax, A 2 , • • • , X 2 d) of length 2d with X[ + A2 < 2c?, we have 
the shifted Frobenius notation A(A) = , £ r _i | ? €2 > • • • , 60 f° r ^ ne 

partition A (see Section l2~Tj) . Let A I) (A) an element of the dual space Dq of the 
vector space T> defined by 

A S (A) := + rfA o- 

By using similar arguments as in jTj (see also [24J), we can explicitly con- 
struct the joint highest weight vectors of D and SO (2d) appearing in (|5.23j) . The 
following theorem is an easy consequence of the decomposition ()5.23|) and the 
description of the joint highest weight vectors. 

Theorem 5.8. The Lie superalgebra D and 0(2d) form a dual pair on 3q in the 
sense of Howe, namely, we have the following multiplicity-free decomposition of 
3o with respect to their joint action 

<~d rvj 



A 

0(2d)) 



where the summation is over all partitions of length 2d with X[ + A' 2 < 2d. Fur- 
thermore the T> x so (2d) joint highest weight vector of the X-component can be 
described in the following way. 

(i) When A; < d, 



11 



X"' |0) 



is a joint highest weight vector ofDx so (2d) with the joint highest weight 

A % (X) + J2i 1 X l e,eT)*®i)*. 
When X[ = d, 

X l x r-Xl,---X^\0) 
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and 

x{,.xl, 2 ...x^\o) 

are joint highest weight vectors ofT) xso(2d) with the joint highest weights 

Ya=i Vi + ^(A) and HiZx ^i e i ~ + A I) (A) ; respectively. 
(iii) When X\ > d, 

T K .X 2 y ...X^ |0> 
is a joint highest weight vector o/Dx so(2d) with the joint highest weight 

E-=7 a 'a^ + a s (A). 

Remark 5.2. By examining the embedding of T> in A (also recalling Remark l3.1|) . 
we can see that the restriction of the anti-linear ant i- involution uj on the Lie 
superalgebra A to D gives an anti-linear anti-involution also denoted by u on D 
such that uj(C) = C and 

1 - L '( ^ dp&p—k,p) ^ ( l)^ ^ ^Ojp^p.p—ki 

for all ^ pg i z * a p e p -k )P G D^, k G |Z. Since the Fock space #o is a unitariz- 

able yi-module with the positive contravariant Hermitian form ( -|- ), it is also a 
unitarizable D-module with respect to the anti-linear anti- involution uj. By The- 
orem !5.8l for every partition A of length 2d satisfying A' : + X' 2 < 2d, the irreducible 
D-module L(D,A :D (A)) is unitarizable. 

5.4.3. Free field realization ofD and (D, 0(2d+ l))-duality. Now we turn to the 
free field realization of D associated with the (D, 0(2d + l))-duality. Introduce 
a free fermionic field (j)(z) := J2 neZ * § n z~ n ~~ x and a free bosonic field x( z ) '■= 
'^2 re i + zXr z ~ r ~ 1 ^ 2 with the non-trivial anti-commutation relations [(f) m , (f) n ] = 
SijS m+n fi and commutation relations [% r , Xs) — <%<Ws,o for r > 0. We shall 
denote by £f 2 the associative superalgebra generated by the modes of all the 

quantum fields ip ±,% (z), j ±,l (z), i = 1, • ■ ■ , d, <p(z), and x( z )- Let #g +2 denote 
the Fock space of the quantum fields generated by the vacuum vector |0), where 
^m'l ) = 7^1°) = 0m|O) = Xr|0) = 0, for % = 1,2- •• ,d, m > and r > 0. 

d+ ! 

Introduce an anti-linear anti-involution w on 2 in the following way. It is 
defined by (|5.1|) and (|5.2j) on all the ijj^' 1 and 7. and 

(5.24) w(0j) = for all i; ^(Xr) — X-r, for all r. 

d+- 

The Fock space ^ 2 admits a positive definite contravariant Hermitian form 

d+~ 

with respect to this ^-structure of s</ 2 . As usual, we shall normalize the form 
on the vacuum vector |0) so that (0 1 0) = 1. 
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We have an action of D of central charge d + | on $ Q 2 given by (i, j G Z* and 
r, s G | + Z) 



' i j 


d 

:= Y : ^ + fl/jj' p : - 


d 

V : ^ v ^~f : + : 0_<0 7 - :; 






p=\ 


p=l 






d 


d 




p 


._ _7, \ " 

c — <j s — r . 7 


■ /— r is 1 / ., /s /— r 


+ ' y ,y. ■ rs > 






p=l 








d 




€ rs 




- E : 7s' P 7-f ■ + ■ X-rXs 


:, r < 0, s > 0; 






p=l 








d 




6 rs 




- E : 7 S +,P 7~; P = - = X-rXs 


:, r > 0, s < 0; 




P =l 


p=i 






d 






('is 


:= e_ 5i _< := E : ^~ 


f 7? P : - E : ^ W = + = 


: ^Xs s > 0; 




P =l 


p=i 






d 


d 





e is := -e_ s ,_, := E ■ *P-f%' P ■ + E : = " ■ <t>-iXs :, a < 0. 

p=i p=i 

Remark 5.3. It is important to observe that under the anti-linear anti-involution 

d+i 

co> of sa Q 2 , the operators defined in the above equations transform as follows: 

uj(e pq ) = (-l)W+Me w , for all p, g. 

Therefore the realization of D-^ in £^q +2 given above defines a *-superalgebra 

d+i ^ 

homomorphism from 11(2)^) to ^ 2 . Note that the ^-structure on D* is the 
restriction of that described in Remark 15.21 

d+i 

Introduce the following operators on the Fock space 3o 2 : 

(5.25) £f + = E : </>-n^:- E : X-r7 r +,i : + E : X-r7r +,< =, 

n€Z* rel/2+Z + re-l/2-Z+ 

(5.26) Ef- = E = 0-nC J : + E : X-r7 r " J ' : > 

n€Z* rel/2+Z* 

where 1 < i,j < d. Note that (|5.7|) . (|5.18|) and (|5.19|) can be extended to actions 

d+- 

on the Fock space # 2 - It is easy to see that ()5.7|) . (|5.18|) and ()5.19|) together 
with ()5.25|) and ()5.26|) form a basis for the Lie algebra so(2d + 1). The action of 

d+- 

the Lie algebra so (2d + 1) on the Fock space Jo 2 can be lifted to an action of 
the Lie group SO(2d+ 1), which can further be extended to an action of the Lie 



38 



NGAU LAM AND R. B. ZHANG 



group 0(2d+l). Moreover £ 2 is a direct sum of finite dimensional irreducible 
representations of 0(2d+ 1). 

Using similar arguments as before, we can show that the Lie superalgebra T> 
and 0(2d + 1) form a dual pair on 3o +2 i n the sense of Howe jT^j. We have the 



following multiplicity-free decomposition of J 
of 2) and 0(2d+l): 



with respect to the joint action 



(5.27) 



v x 



where the summation is over a subset of all partitions of length with X[ + X' 2 < 
2d + 1, and W x is a certain irreducible module over D. 
We define the (2d + 1) x (2d + 1) matrix f as follows: 



r :-- 



, ,1 +,2 

7_i 7_i 

2 2 
;+,2 

;+,2 



+,<2 

7_i X- 



7_ 



7_i 

2 , 



4-1 



V'-i V>4 



/ — <d i — ,d— 1 



0-i ^-i 



7-A 

2 



va 1 / 



For any nonnegative inetger r, we let T r denote the first r x r minor of the matrix 
f. 

Given a partition A = (Ai, A 2 , • • • , A 2 d+i) of length 2d+ 1 with X[ + X 2 < 2d+ 1, 
we have the shifted Frobenius notations A(A) = , • • • , £ r _i I £i> " • >£r) 

for the partition A (see Section ITTj) . Let A :D (A) be an element of the dual space 
Dp of the vector space D defined by 



(5.28) 



A £ (A) := £ &i + 



2d 



-A . 



The following theorem is a consequence of the decomposition (|5.27|) and the 
explicit description of the T> x so(2d+ 1) joint highest weight vectors. 

Theorem 5.9. T/ie Lze superalgebra D and 0(2d+ 1) form a dual pair on $ 2 

m i/ie sense of Howe. In particular, we have the following (multiplicity-free) 
d+i 

decomposition of $ 2 with respect to their joint action 



3f-^^L(D,A £ (A))®V t 



A 

0{2d+l)t 



where the summation is over all partitions of length 2d+ 1 wift X[ + X 2 < 2d+ 1. 
Furthermore, the joint highest weight vector of the X-component with respect to 
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T> x SO(2d+ 1) is given 

T K .X 2 x ,...X^\0). 

Remark 5.4. By recalling Remark l5.H[ we can easily show that all the irreducible 
D-modules appearing in the above theorem are unitarizable with respect to the 
the anti-linear anti-involution u described in Remark l5.2l that is, every irreducible 
module L(D, A D (A)) associated with a partition A of length 2d + 1 satisfying 
Aj + A' 2 < 2d + 1 is unitarizable. 

5.4.4. Unitarizable D-modules. Now we classify the unitarizable irreducible quasi- 
finite highest weight D-modules with respect to the the anti-linear anti-involution 
uj described in Remark 15.21 We have the following result. 

Theorem 5.10. Let M be an irreducible quasi-finite highest weight D-module 
with highest weight £. Then M is unitarizable if and only if there exists a non- 
negative integer or half integer k such that £ = A I) (A) for some partition A of 
length 2k with X[ + A' 2 < 2k. In other words, M is unitarizable if and only if 

A £ (A) := J2 + kA ° 

such that k G r G N and £j G Z for all j satisfying the following conditions: 

(i) £i > £| > • • • > C-± > 0; 6 > 6 > • • • > £r > ; and £ r _i = if and 
only if r = 1 and £i = £i = ; 

(ii) £i + 6 + M£i) + min{^|, 1} < 2A;, 

where li^ is a function from non-negative integers to itself with £1,2(0) = 0, 
Zi, 2 (l) = 1 and l lt2 (x) = 2ifx>2. 

Proof. We have already pointed out in Remarks 15 . 21 and 15 . 41 that the L(T), A^(A)) 
are unitarizable irreducible quasi-finite highest weight D-modules for all par- 
titions A. Now we are going to show that if M is a unitarizable irreducible 
quasi-finite highest weight D-module with the highest weight £, then £ = A (A) 
for some partition A. Let ( -|- ) be a positive definite contravariant Hermitian 
form on M and v% a highest weight vector of M such that (v^\v^) = 1. We 
put £(ei,i) = £i for all % G |N. By Theorem 14. 9| there exists r G N such that 
£ = j< r £jUJj + kA , where £j, k G C. By using similar arguments as in the 

proof of Theorem 15. 2| we can show that £j G Z + for z = |,l,---,r — |,r, and 

£l > Cli > • • • > £r-i > 0, £l > £2 > • • • > £r > 0. 

Moreover, £ r _i = if and only if r = 1 and £1 = £1 = 0. 

Now we choose a large positive integer n such that £(e n>n ) = £(e n+ i jn+ i) = 0. 
Consider the subalgebra sl(2, C) with the standard basis {2C — e n>n — e n+ i jn+ i, 
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G-n-i.n; &n-n-i}- Note that u{2C — e„ jn ) — e ra _|_i. n+ i = 2C — e n . n — £ n +i,n+ii 
^(e n ,-n-i) — e_ n _i )n and u(— e_ n _i )n ) = — e n _„_i. Unitarizability with respect 
to this sl 2 subalgebra requires 2k = £(2C) = £(2C — e n<n — e n+ i >n+ i) G Z + . Hence 
we have G 

Finally, we need to show £ x + £ 2 + ^1,2(^1) + min{£3, 1} < 2k. We may assume 
that £1 > 0. Otherwise, we have £1 + £ 2 + £i,2(£i) + min{£| , 1} = < 2k. Direct 
computations show that (e x 1^ | e 1 1^) = £1 + £1 > and 



' 2 ' '2 



< ||e 2 ,-ie l5 it; ? || 2 = (e^i^ | e_ 1 ^e 2 ,_ie li iu f ) 
(5.29) " = (e^ivt I (2C - e M - e^e^) 

= (2fc-e 1 -e 2 -i)(^ + £ 1 ).' 2 

Thus we have 2A; — £1 — £ 2 — 1 > since £1 + £1 > 0. When £1 = 1, we have 
£| = £ 2 = 0. Thus £1 + £2 + M£i) + min{£| 2 , 1} = £1 + £ 2 + 1 + < 2k. Now we 
assume that £1 > 2. We compute 



ll^i^ea^ie^i^H 2 = ||e 2> i 

(5.30) = (^icj I (e^i + e^e^i^) 

2 



= (?i+6-i)(£i+£i 
> 0. 



Thus ||e 2j _ie 1 i^|| 2 > and hence we have £1 + £ 2 + ii,2(£l) + min{£|,l} = 
£1 + £2 + 2 < 2k for £1 > 2 and £3 = by using (|5.29J) . Eventually we assume 



that £1 > 2 and £3 > 0. Then 

2 2 



= (e^ae^i^ I (ei 1 + 62,2)^2 a^iv^) 
= (ei+£2)P 2 ,|g 1 ,|^H 2 

= (£i+£ 2 )(£| + £i)(£| + £ 2 ) 

> 0. 

Therefore we have ^-l^ ae^iv^ 7^ and 

< H^-ieaje^i^H 2 = (e^se^i^ | e_ li2 e 2 .-le^ae^) 

(e 2> fi,i^ I (2C7 - ea,i - e^e^e^i^) 
(2fc-£i -£ 2 -2)||g 2if g 1 ^|| 2 
(2/ c -£x-£ 2 -2)(£x+£ 1 )(£i+£ 2 ). 



Therefore we have £1 + £2 + 3 < 2k. Hence £1 + £ 2 + Zi2(£i) + min{£3, 1} = 

2 '22 

£1 + £2 + 3 < 2k and the proof is completed. □ 
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6. Character formulas for unitarizable irreducible modules 

In this section we derive explicit formulae for the formal characters of the 
unitarizable quasi-finite irreducible highest weight modules over the infinite rank 
Lie algebras C and D. The method employed here is a generalization of that 
developed in [31IB1I3], which makes essential use of Howe dualities. We mention 
that the character formulae for the unitarizable irreducible modules over gl^oo 
(and hence A) were obtained in j^j. 

6.1. Character formula for C. The central result of this subsection is Theo- 
rem which gives the character formula for the unitarizable quasi-finite irre- 
ducible highest weight C-modules. In order to establish the result, we need some 
basic facts on characters of the symplectic group (see JTUj, [IB], [Ej), which we 
recall here. 

When we deal with characters of modules over sp(2m), we put hi := — h m _ i+ i 
and Xi = e~ em - i+1 for i = 1, 2, • • • , m. That is Xi = Recall that e»(/ij) = 5ij 

and Zi = e ei where ej G 1)* such that £i(hj) = Sy (see Section I53j) . The defini- 
tions of XiS and h^s are somewhat nonstandard, but they allow us to deal with 
only polynomials instead of Laurent polynomials when considering characters of 
certain representations of Sp(2m). For each finite sequence of complex numbers 
A = (Ai, • • • , A m ), we let W^ p{2m) : = V^ [2m) where A* = (-A m , • • • , -Ax). Note 

that \*{hi) = Aj for % = 1, • • • ,m. W^, 2 m) * s a finite-dimensional irreducible 
representation if and only if Ai > A2 > • • • > A m and Aj G — Z + for % = 1, • • • , m. 

When we deal with characters of Sp(2<f)-Hiodules, we put Z{ = e ei where e« G f)* 
such that €i(hj) = efajj — ed+j,d+j) = Sij (see Section • For each partition A 
of length d and each decreasing sequence of non-positive integers v of length m, 
we write x£ p(M) (z) = x| p(2d) (zi, ' " ' > z d) and X«p( 2m )( x ) = X u sp(2m )( x i> ' ' ' ,*m) for 
the characters of the Sp(2d)-module Vg p , 2d s and the sp( 2m) -module W^ 2m ^, to 
stress their dependence on the variables Zi, • ■ ■ , z d and x%, ■ • • , x m , respectively. 
It is clear that Xs P (2m)( z ) = Xs^m)^ "> ' m m ■> z m) for an y partition A of length m 

Since Xsp(2m)( Zl ^ ' " > Z ™) = Xs p (2m)( Z l > ' ' ' ' ^m 1 )' 

By the (5 , p(2d),sp(2w))-duality on the exterior algebra A(C 2d <8> C m ) with 
m > d ([T3|. [H| , also see [H]), we have the following identity: 

(6.1) • • • x m )- d n + ^-^(1 + a**- 1 ) = e xw^^ipw- 

i=l i=l A 

Here A is summed over all partitions of length d with Ai < m, and for any fcsN, 
(l fe ) stands for the &-tuple (1, 1, • • • , 1). Note that the partition A' is considered 
as a partition of length m and A' — d(l m ) is a decreasing sequence of non-positive 
integers of length m. 
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We let 



E' r (xi, 



j ' ' ' i X m y X-y j " ' ' > -^m 



X, 



^) = E r(Xl, 



rp rp ... r f 



i Xmi X^ 



X f 



where E r is the r-th elementary symmetric polynomial for r > and E r = for 
r < 0. For any partition /i of length / (which is an arbitrary positive integer), we 
define 



\K\ = \K(*i> 



i ^mi ^1 5 " " " i 



by the the determinant of the / x I matrix 
(6-2) 



Ka-1 E U + E U-2 



F' F' -4- F' F' -4- F' 



\ E 'm-1+1 E [n-l+2 + E u,-l E 



i-l+2 



EL + E' 



IH-21+2 



J 



Then the character of the irreducible sp(2m)-module V^, 2m ^ is given (THj by 

\E' X ,\ = \E' x ,(xi, ■ ■ ■ , x m ,Xi , • ■ ■ , x^ 1 )!, where A is any partition of length m. 

From the above result it is not very difficult to work out that the character 
^sp(2m) ^( x ) °f the finite-dimensional irreducible 5p(2m)-module wiji 1 ^ for 
every partition A of length d with Ai < m is given by the determinant of the dx d 
matrix whose z-th row is 

( F' F' -4- F' F' -4- F' 

F' -4- F' ) 

m— A ( ;_j_|. 1 — i+d ' m— \ c i-i+i ~ *~ d+2J ' 

On the other hand, for each rgZ, 

Em- r (xy . , X m , X-^ , • ■ ■ , X m ) 
m— r 

^ ^ E%(X\i , X m )E m — T —i (x-^ , • • " , X m ) 
i=0 

m— r 

(Xi • " " X m ) ^ ^ Ei{x\ . , X m ) -Ey-|_j (Xi , , X m ) 

oo 

(xi • • ■ x m ) ^ ^ Ei{x\ : , x Tr L)E r j r i {x\ , * * ■ ; x m ). 

j=0 
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For r G Z, we define 

oo 

E T . ^ Ei (xi , ■ • • , X m ) -Er+i ("^1 ! ' " " ) ^m) j 
i=0 

£7 r := E r — E r _ 2 - 

Then we have 

E m _ r (x\ , • • ■ , X m , X-y , • • ■ , X m ) (xi ■ ■ • Xfn) E r . 

Hence for each partition A of length d, (x\ ■ ■ ■ x m) d Xsp(2m) ^( x ) equals the deter- 
minant of the d x d matrix whose z-th row is 

(^A d _ i+ i+i-l -^A d _ i+1 +i-2 + E\ d - i+1 +i ^A d _ 4+1 +i-3 + ^A d _ i+1 +i+l 

E\ d _ i+1 +i-d + ^A d „ i+1 +i+d-2)' 

For each partition A of length d satisfying Ai < m and d < m, the symplectic 
Schur polynomial of weight d of m variables, denoted by 

^A P ' ( x ) = ("^l' ' ' ' ; ^m); 

is defined by the determinant of the d x d matrix whose i-th row is 

(-^Ad-i+i+i-i E\ d - i+1 +i-2 + E Xd _ i+1+ i E Xd __ +i+i _ 3 + E Xd __ +i+i+1 

Thus we have 

-^sp(2m) (^1) ' *^m) (-^1 ' ' ' x m) S\ (X\ , , X m ). 

Hence we can rewrite the combinatorial formula 1)6.1)1 as follows: 

d m 

(6.3) nn^ +*i*r i ) = e^w^^m. 

i=l i=l A 

Here A is summed over all partitions of length d with Ai < m. 
Now, for every partition A of length d, we still use 



S**(x) = Sj^fo 



to denote the symplectic Schur function of weight d of infinitely many variables, 
which is the determinant of the d x d matrix whose i-th row is 

^A d _i +1 +i-2 + ^A d _ i+1 +j ^A d _ 4+1 +i-3 + ^A d _ i+1 +i+l 
&\ d - i+ i+i-d + ^A d _ i+1 +i+d-2)) 

where e£ = e r — e r _ 2 and e r = ^]°^ ej(xi, x 2 , • • ■ )e r+ j(xi, x 2 , • ■ ■ )• Hereafter 
ej(xi, x 2 , ■ • • ) stands for the i-th elementary symmetric function of infinitely many 
variables. Therefore, the symplectic Schur function S^' (xi, x 2 , • • • ) is the inverse 
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limit of the symplectic Schur polynomials Sf'(xi, ■ ■ ■ ,x m ), and we thus have 

'-'A ' ^rn) = S x (^l, ' ' ' , X m , 0, 0, • • • ). 

For any given partition A of length d, we let 

DS s x »> d (x) = DS s »' d (x 1 ,x 2 ,---) 

denote the skew symplectic Schur function of weight d of infinitely many variables, 
which is defined by the determinant of the d x d matrix whose z-th row is 

(H\ d - i+1 +i-i H\ d _ i+1 +i-2 + H\ d - i+1 +i H Xd _. +i+i _ 3 + H Xd __ +i+i+1 

H\ d _ i+1 +i-d + H Xd _ i+i+i+d _ 2 ), 

where 

H r := H r — H r _ 2 , 

oo 

H r ■= y^ j H i (x 1 ,x 2 , ■ ■ ■)H r+i (xi,x 2 , ■■■), 

and Hi(xi, x 2 , ■ ■ ■ ) are the complete symmetric functions of infinitely many vari- 
ables. Note that (xi ■ ■ ■ x m )~ d DS s x ' ( 1 ,0,0,---) is the character of 
some infinite dimensional unitarizable module over the Lie algebra so (2m). 

Analogous to hook Schur functions (see [I] and [3]), for each partition A of 
length d, we define the symplectic hook Schur function 

HS^' d (-x.,y) = S s x p ' d (x 1 ,x 2 , ■■■ 5 S/i,2/3,---) 

of weight d in infinitely many variables by 

HSffry) :=a(SfW)), 

where a is the involution of the ring of symmetric functions (see for example 
19 ), which sends the elementary symmetric functions of y/s to the complete 
symmetric functions of y^s. Recall that the hook Schur function (cf. 

HS\(x,y) = a(S , A (x,y)) 

is a symmetric function of the variables x and the variables y separably where 
A is a partition. Hereafter S x stands for the Schur function associated with the 
partition A. Then we have 

d 

HS {ld) (x,y) =a(e d (x,y)) = ^ e i( x ) e d-i(y)- 

i=0 

The symplectic hook Schur function can be written in terms of hook Schur func- 
tions as follows. 
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Proposition 6.1. Let x = {x\, x%, ■ ■ ■} and y = {y 1} y 2 , ■ ■ ■ } be two infinite sets 
of variables. For each partition A of length d, the symplectic hook Schur function 
HSf p,d ('x, y) of weight d equals the determinant of the following d x d matrix 
whose i-th row is 

(fXd-i+i+i- 1 "^d-i+i+*-2 f\ d - i+ i+i f\ d _ i+1 +i-3 + f X d „ i+1 +i+l 

f Xd-i+i+i-d f\ d - i+1 +i+d-2) • 

where f' r =~f r - f r _ 2 and f r = Y,'Z HS (ll) (x,y)HS (1 r+ 1) (x,y). 

Proof. Let a denote the involution of the ring of symmetric functions, which sends 
the elementary symmetric functions of variables y to the complete symmetric 
functions of variables y. The proposition follows by applying the involution a to 
the determinant of the following d x d matrix whose i-th row is 

(^Ad-i+i+i-i &\ d - i+1 +i-2 + e Xd _ i+i+i e Ad _. +i+i _ 3 + e Ad _ i+i+i+1 

where e' r = e r — e r _ 2 , e r = J2^o e i e r+i an d e» = 6j(x, y) are the elementary 
symmetric functions of infinitely many variables x and y. □ 

Proposition 6.2. Let x = {x±, x%, • • • } be an infinite set of variables and z = 
{z\, Z2, ■ ■ ■ , Zd} be d variables. Then 

d oo 

(6.4) niK 1 +^)(i+^r 1 ) = ExW z )sf ,d (*), 

i=l j=l X 

where A is summed over all partitions of length d, and 

d oo 

(6-5) HIP 1 " •'-<) ' {l -'>V) ' = ExW z )^a M (x), 

i=l j=l X 

where A is summed over all partitions of length d. 

Proof. The first identity follows from ()6.3|) by putting m — > oo. Let a denote 
the involution of the ring of symmetric functions, which sends the elementary 
symmetric functions of x/s to the complete symmetric functions of x/s. By 
applying the involution a to both sides of the first identity of the proposition, we 
obtain the second identity. □ 

Proposition 6.3. Let x = {x\, x%, ■ ■ ■} and y = {yi, ya , • • • } be two infinite sets 
of variables and z = {zi, z 2 , ■ ■ ■ , Zd} be d variables. Then 



www r 3 -i = E x^msr^ y) 

where A is summed over all partitions of length d. 
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Proof. By Proposition 16. 2[ we have 

d oo oo 

(6.6) 11 11 11 (1 + Xj Zi)(l + Xjzr x )(l + y k z t )(l + y^r 1 ) 

i=l j=ljfc=i 

= E*S P (2d)( z )S* M (x,y), 
A 

where A is summed over all partitions of length d. The proposition follows by 
applying to both sides of equation ()6.6|) the involution of the ring of symmetric 
functions, which sends the elementary symmetric functions of y to the complete 
symmetric functions of y. □ 

We need the following lemma to prove the main result of this subsection. 

Lemma 6.1. jH] Suppose that / A (x) and g A (x) are power series in the variables 
x and suppose that 

^/ A (x)^ p(2d) (z) = ^^ A (x)xi {2d) (z), 

A A 

where A is summed over all partitions of length d. Then / A (x) = g A (x) ; for all A. 

Proposition 6.4. Let x = {xi,x 2 , ■ ■ ■} and y = {y\, y 2 , • ■ • } be two infinite sets 
of variables. For each partition A of length d, we have 

HST d (x,y) := ^c^(z)^(x)^(y) 

where \x and v are summed over all partitions of length d. Here the non-negative 
integers c^ u are the multiplicity of V^, 2 « in the tensor product decomposition of 

Vs p (2d) ® Vs P (2d) ■ 

Proof. By Proposition I6.2[ we have 

TTTTTT (1 + XjZj)(l + XjZ i l ) 

= E xWaWx) E xW z )^ M (y), 

where \x and v are summed over all partitions of length d. On the other hand, 

XSp(2d)( Z )XSp(2d)( Z ) - C j,uXs P (2d)(, Z ) ; 
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where the summation is over all partitions of length d. Thus 

E xW^W*) E x^w) W^(y) 
= E x5k*o ( E c U*) s T d W D T d (y)) , 

where A, fi and v are summed over all partitions of length d. Therefore we have 



E -fam ( E <MST d ^)DT d {y)), 



A /UV 

where A, \i and z/ are summed over all partitions of length d. Now the proposition 
follows from (jfi.7j) . Proposition 16.31 and Lemma 16. II □ 

Now we turn to the computation of the formal character of 3o with respect to 
the abelian algebra ^ sg i N Ce ss © J^ =1 < CE ii . We need the following commutation 
relations: for % G N, r G | + Z + , 

[Cjj, "0— n ] 5i n 1p_ n , [Cjj, "0— n ] ^—in^—n i 

[e rr , ^y_ s ] 5 rs r )_ s > [Cm T— s ] ^— rsT— s > 

Furthermore for i — 1, • • • , d, we have 

V'in ] = ^ip^n , V»-n ] = -^ip^In ! 



Let e be a formal indeterminate. For j G N, r G | + Z + , i = 1, • • • , d, set 

where ei, • • • , and k; s are the respective fundamental weights of Sp(2d) and C 
introduced earlier. By using the commutation relations established above, we can 
easily show that the formal character of with respect to the abelian algebra 

E se i N c ^ss © Yfi=i CE ni is g iven b y 
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By Proposition 16.31 we can rewrite ()6.8|) as 

(6-9) ch$ = ^ X ^ (M) (z)^f d (x,y), 

A 

where A is summed over all partitions of length d. On the other hand, Theorem 15. 61 
implies that 

(6.10) dflg = $>hL(e, A~ e (A))xWz), 

A 

where A is summed over all partitions of length d. Using f)6.10j) and ()6.9|) together 
with Lemma f6. II we have the following character formula. 

Theorem 6.1. For each partition A of length d, the formal character of the 
irreducible G-module L(C,A e (A)) is given by 

chL(e,A" e (A)) = ^f d (x,y). 

6.2. Character formula for D. We now construct a character formula for the 
unitarizable irreducible quasi-finite highest weight D-modules. Let us start by 
recalling some results on formal characters of finite dimensional representations 
of the orthogonal group (see (THj, [Hlj, [El)- 

When we deal with characters of modules over so (2m), we will put hi := 
— /i m _i + i and Xi = e~ £m - i+1 for i — 1, 2, • • - ,m. That is Xi = z^_ i+1 . Recall that 
€i(hj) = Sij and Zi = e ei where ej G ()* such that 6i(hj) = <5y (see Section E3j). 
For each finite sequence of complex numbers A = (Ai, • • • , A m ), we let W^ r 2n ^ := 

Ko(2m) where ^* = ( — A m , • • • , — Ai). Note that A(/ij) = Aj for i = 1, • • • ,m. 
^so(2m) ls a finite-dimensional irreducible representation if and only if — |Ai| > 
A 2 > • • • > A m with either \ G Z or \ G \ + Z for i = 2, • • • , m. 

When considering characters of 0(n)-modules, we put 2, = e 6i with G f)* 
such that 6j(/ij) = €i(ejj — ed+j^+j) = for n = 2d, and €i(hj) = €i(ejj — 
ed+j+i,d+j+i) = &a for = 2d + 1 (see Section 15.3)) . For each partition A 
of length n and each sequence of complex numbers v of length m, we write 
Xo(n)( z ) = Xo(n)( z i> •••■>**) and As o(2m) (x) = As (2m)( x i> ••• ■> x ™) for the charac- 
ter of 0(n)-module Vq,^ and so(2m)-module W / S iy ( 2m ) to stress their dependence 
on the variables z±, • • • ,Zd and x±, • • • ,x m , respectively. 

Recall that when n = 2d + 1, the irreducible 0(n)-modules VqM) an< ^ ^o(n) 
restrict to isomorphic S"0(n)-modules. To distinguish these 0(n)-representations 
at the level of characters, we let e be the eigenvalue of — I n G 0(n) so that e 2 = 1. 
Denote by Xo( n )( e - z ) the character of Vq,^ (with X[ + A 2 < n) with respect to 
the Cartan subalgebra J^C/ij together with — I n . It is easy to see that 

Xo(n)( e - z ) = e |A| X50(n)( z ) 
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where |A| is the size of A. 

By the classical (so (2m), 0{n) )-duality on the exterior algebra A(C n (g> C m ) 
with m > n ( JSj, a ls° see 0)) we have the following identities for n = 2d 
and n — 2d + 1 respectively : 



(6.11) 



d m 

-1\ S^.,X /„\,~ A '-f 



(Xl---X m ) 2 Yl Ylil + XjZi^l + XjZi *) = J2 X O(n)( Z )X s0{2 2 m) ( X ) 
i=l j=l A 

(6.12) 
(Xf- x r 



d m 



2 

1=1 J=l 



The summations on the right hand sides of both equations range over all partitions 
of length n with X[ + A' 2 < n and Ai < m. Note that the partition A' is considered 
as a partition of length m and | > A 2 > • ■ ■ > X' m together with n > \' x . 
Recall that 

E r . E r (xi , • • • , x m , x^ , • • • , x m ) , 

where E r is the r-th elementary symmetric polynomial for r > and E r = for 
r < (see Section I6~T|) . For each partition /i of length /, we let {E^l denote the 
determinant of the / x I matrix with i-th row 

(E^-i+i E^i+i + E^-i S Mi _ i+ 3 + • • • Efj,.-i + i + £ , Ati _ i _; +2 ) . 

For any partition v of length m with v m = 0, the formal character of the finite- 
dimensional irreducible so(2m)-module V^, 2m s equals \E U >\. On the other hand, 
if the partition v = {y\, • • • , z^ m ) is of length m with v m ^ 0, the characters of 
the finite-dimensional irreducible representations V^ g , 2rn ^ and V g ^' m y^' n_1 '^ m ' ) are 



respectively equal to (see [TU] 

I [fl(^ - x; 1 )) \e[ 



'E v ,\ - 



2 



(!/-(l m ))' \l 



vi=l 



1 1 / \ 



<v-(l m ))'l> 



vi=l 



where l-K^nm))/ 1 is the determinant of the (z^i — 1) x (z/! — 1) matrix defined by 
()6.2j) . Note that z/ — (l m ) is a partition, and its transpose partition has length v\ — 
1. Also for any partition u = (yx, • • • , z/ m ), the characters of the finite-dimensional 
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irreducible modules V^ 2 ^ ^ and V^^' ' Um ~ 1+2 ' Vm ^ respectively equal to 

m ., m 



\ ( ri (4 + *:* ) ) i k i + \ ( ri (4 - *r * ) ) i m v> i , 

i=i i=i 

~(H.(*i+x7*))\M}\ - ,(11(4 



i=i i=i 

Hereafter, we let 
and 

\M+\ := \M+( Xl ,--- ,x m ,x^,--- ,Ol 
denote the determinants of the / x / matrices respectively having the i-th rows 
(E^-i+i — E^-i E^^ i+ 2 — E^i^i • • • E^-i+n — i? Mi _j_ n+ i) 

and 

(Efn-i+i + E^-_i E^-i+z + E^.-i-i ■ ■ ■ E^-i+n + E^-_i_ n+1 ) , 

where \i = (fj,i, • • • , fj,i) is any partition of length /. 

Let x = {x±,X2, • • • } be an infinite set of variables. Analogous to the symplectic 
Schur polynomials, we also have the orthogonal Schur functionof weight |, 

defined for each partition A of length n = 2d with X[ + \' 2 < 2d by 

if K = f, 



||gA| + i(ESo^)(E,=o(-i)^)r A _(i m) l if K<f, 



k |l e Al - !( X^o e ( E,=o( _1 ) 4e t) l e ^_(im)| if > I , 
where |e,\| denotes the determinant of the d x d matrix whose z'-th row is 

(^A d _ i+1 +i-i e Ad _ i+1+ j-2 + &\ d - l+1 +i e\ d - i+1 +i~3 + eA d _ l+1 +i+i 

••• e\ d _ i+1+i -d + e\ d _ i+1+i+ d-2), 
\e\\ denotes the determinant of the (d — 1) x (d — 1) matrix whose i-th row is 

(^A d _;+i-l ^A d _i+i-2 + ^A d _i+i ^A d _i+i-3 + ^A d _;+i+l 

Here e r = Ei^o e i( x ) e r+«( x )> ej, = e r — e r _2 and ej(x) is the z'-th elementary 
symmetric function in the infinite set of variables x. Recall that A is a partition 
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of length n obtained from the Young diagram of A by replacing its first column 
by a column of length n — X[ (see Section . 

Similarly, for each partition A of length n = 2d + 1 with X[ + A' 2 < 2d + 1, the 
orthogonal Schur function of weight | 

so — so — 

' 2 ( X ) = <^A " 2 (X 1 ,X 2 ,- ■ •) 

in infinitely many variables is defined by 



KE^*)l™JI-§(E^(-i)'*)l™II if A i> 



2 ' 



where | | denotes the determinant of the d x d matrix whose i-th. row is 

(eA d _ l+1 +i-i + e\ d „ i+1 +i e\ d _ l+1 +i-2 + e\ d _ i+1+i+ i 

and denotes the determinant of the d x d matrix whose z-th row is 

(cA d _ i+ i+i-l ~~ CA d _ i+ i+i &\ d ^ i+1 +i-2 ~ CA d _j +1 +i+l 

We put (9^°' (xi, • • • , x m ) = Sf'(xi, • ■ ■ , x m , 0, 0, • • • ). Using similar arguments 
as for sp(2m) in Section I6~T| we have 

l^T ' ' ' x m) 2 X so (2m) \ X li ' ' ' i ^mj — >~> \ * ' ' j ^mj 

for any partition A of length n with X[ + X' 2 < n and Ai < m. Now we can rewrite 
the combinatorial formulae (j6.11|) and (j6.12J) respectively as follows (for m > n): 

d iTi 

(6.13) Yl Yl( 1 + x 3 z i)( 1 + x 3 Z i 1 ) = ^2xo(n)( z )ST*(xir-- , x m), 

i=l j=l A 

for even integer n = 2d and 
(6.14) 

d m 

Yl *[[(! + ex 3 z i)( l + ex j zr l ){l + ex j ) = ^ Xo(n)( e . z)Sj°'* (xi, ■ • • ,x m ), 

i=l i=l A 

for odd integer n — 2d + 1. In both equations the summations over A range over 
all partitions of length n satisfying X[ + X' 2 < n and Ai < m. 

Let x = {xi, X2, • • • } and y = {yi, y x i , • • • } be two infinite sets of variables. 
For each partition A of length n, the skew orthogonal Schur function of weight | 

so — so — 

of infinitely many variables denoted by D x ' 2 (x) = D x ' 2 (xi, x 2 , ■ ■ ■ ) is defined by 

SO — 

o~(D x ' 2 (x)) where a is the involution of the ring of symmetric functions sending 
the elementary symmetric functions of x,'s to the complete symmetric functions 
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of Xj's. Also, for each partition A of length n, the hook orthogonal Schur function 

so — 

of weight | of infinitely many variables denoted by HS X ' 2 (x, y) is defined by 

SO — 

o~(S x ' 2 (x, y)) where a is the involution of the ring of symmetric functions sending 
the elementary symmetric functions of y^s to the complete symmetric functions 
of y/s. 

By using (|6.13|) . (|6.14j) and similar arguments as in Section I6~T) we can prove 
the following two propositions. 

Proposition 6.5. Let x = {x\,X2,- ■ ■} be an infinite set of variables and z = 
{z\, Z2, ■ ■ ■ , Zd} be d variables. 

(i) When n = 2d, we have 

d oo 

(6.15) nna+x^a+x^- 1 ) =E4)( z )^ ,f ( x )- 

i=l j=l A 
d oo 

(6.16) nu(i -x jZi )-\i -^r 1 )- 1 = E^ w (^r f w, 

i=l j=l A 

where the summations on the right hand sides of both equations range over 
all partitions of length n satisfying X[ + \' 2 < n. 

(ii) When n = 2d+ 1, we have 

d oo 

(6.17) J] + exjZtXl + ex i zr 1 )(l + ex,) = ^ X x 0(n) (e, z)Sf f (x), 

i=l 3=1 A 
d oo 

(6.18) nil^ 1 - eri^) _1 (l " ~ ^i)" 1 = £ Xo(n)(c *)£»T 9 (x), 

i=l i=l A 

where the summations on the right hand sides of both equations range over 
all partitions of length n satisfying X[ + \' 2 < n. 

Proposition 6.6. Let x = {xi,x 2 ,---} and y = {yi, y x i , ■ ■ ■ } be two infinite 
sets of variables and z = {z 1 , z 2 , ■ ■ ■ , z d } be d variables. 

(i) When n = 2d, we have 

where A summed over all partitions of length n. 

(ii) When n = 2d + 1, we /iai>e 

^ g g + + + = E ^ 

i J=i fc = i ( X ~ e ^^)(! - e Vk z i )(1 - «/fc) ■ 



A 
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where A is summed over all partitions of length n. 
We need the following results to prove Theorem 16.21 

Lemma 6.2. [H] Let f x (y) and g x (y) be power series in the variables y. 

(i) Suppose that n is odd and 

5Z/ A (y)Xo(n)(e,x) =Xy(y)Xo(n)fox), 

A A 

where the summation is over all partitions of length n. Then f x {y) = 
9 X (y), for all A. 

(ii) Suppose that n is even and 

A A 

where the summation is over all partitions of length n. Then f x (y) + 

Z x (y) = 4 A (y) + /(y). 

Proposition 6.7. Let x = {xi,x 2 , ■ ■ ■} and y = {yi,y2, ■ ■ ■} be two set of in- 
finitely many variables. Let n be a fixed non-negative integer and b x denote the 
multiplicity of in the tensor product decomposition of ® ^o{n) • 

(i) Suppose that n is odd, for any partition A of length n with X[ + \' 2 < n, 
we have 

HS?H*,y) =J2 b U z ) S » 4 (x)DS:°'Hy) 

where \x and v are summed over all partitions of length n. 

(ii) Suppose that n is even, for any partition of length n = with X[ + X' 2 < n, 
we have 

n n 

HS^(x,y) + HS^(x,y) 
HJ2^z)S s ;'h^)DTHy)) + (£^(z)^' f (x)^°-(y)), 

where \x and v are summed over all partitions of length n satisfying fi[ + 
/i' 2 < n and u[ + v 2 < n, respectively. 

Proof. We shall only prove the case with n being even, as the odd case is analo- 
gous. Let n = 2d. By Proposition 16.51 we have 

TT TT TT ^ 1 + x 3 z i)( 1 + x i z r 1 ) 



: E 4(n)( Z )^°' f (X) E XUnWDTHy) 
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where \x and v are summed over all partitions of length n satisfying X[ + X 2 < n 
and fj,[ + y! 2 < n, respectively. On the other hand, 



Xo(„)(z)Xo(n)( Z ) =J2 b ^O(n)( Z ) 



A 

where the summation is over all partitions of length n with X[ + X' 2 < n. Thus 

E *0<») ( Z )^°' f (X) £ X0(n) (y) 

where A, fi and are summed over all partitions of length n satisfying A^ + A^ < n, 
fJ'i + A*2 — n an d ^1 + ^2 — r2, 5 respectively. Therefore we have 

=E4)(Et( z )^w^' ? w)' 

where A, fi and v are summed over all partitions of length n satisfying A^ + A'r, < n, 
A*i+A*2 — n anc ^ ^1 + ^2 — n ' respectively. Now by using Proposition ltj.bl equation 
(lbM9|) and Lemma [6.21 for any partition of length n with X[ + X 2 < n, we have 

HS?*(x,y) + HS?'*(x,y) 

=(E^( z )^ 0,t (x)^ ' f (y)) + (J2 b U^^)DTHy)), 

where /i and v are summed over all partitions of length n satisfying fi[ + jj! 2 < n 
and v' x + v' 2 < n, respectively. □ 

Now we turn to the computation of the formal characters of the Fock spaces. 
Let d = [~1 ( that is, n = 2d if n is even and n = 2d + 1 if n is odd. Let e be a 
formal indeterminate and set for j e N, r G 5 + ^+ > * — 1 > ■ • " ? d 

where ei, ■ - • , and u s are the respective fundamental weights of 0(n) and 2) 
introduced earlier. By using similar arguments as in Section 16.11 we can easily 
show that the character of #g, with respect to the abelian algebra J2 s e-N^ss © 

Ya=i CE a, is given by 

(6.20) -^=nn n j| + *^r 
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Similarly, the character of # 2 , with respect to the abelian algebra 2^ s6 i N ^ e ss © 

By Proposition 16.61 we can rewrite f|6.2()jl as 

(6-22) dtf* = ^Xo(n)(z)^r^(x,y), 

A 

where A is summed over all partitions of length n with X[ + X' 2 < n. On the other 
hand, Theorem 15.81 implies that 

(6.23) dtff = £chL(S, A S (A))x£ (b) (s), 

A 

where A is summed over all partitions of length n with X[ + X' 2 < n . Combining 
(l6~23l with dE2D, we arrive at 

(6-24) E^o(n)(z)^r f (x,y) = A 2, (A)) X ^ (n) (z). 

A A 



In a similar way, we can also derive the following equation for n odd: 



(6.25) "£xo(n)(t,z)HS?*(x,y) = ]T chLp, A B (A))^ (n) (e, z). 



A A 

Applying Lemma 16.21 to these equations, we obtain the following character 
formulae: 

Theorem 6.2. For each partition A of length n = 2d + 1 with X[ + A' 2 < n, we 

have 

chL(D,A I, (A)) = J f/ 1 Sr^(x,y). 
For each partition A of length n = 2d with X[ + X' 2 < n, we have 

chL(V, A £ (A)) + chLp, A 5 (A)) = HS^ (x, y) + Ffif' S (x, y). 

Remark 6.1. From Theorem 16 . 1 1 and Theorem 16 .21 we can easily extract character 
formulae for the unitarizable quasi-finite irreducible highest weight modules over 
the so and sp type subalgebras of gl^. 
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